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Abstract: 
 
The complex configurations of soft materials are vital for many biological systems because they allow 
them quickly response to environmental stimuli and therefore achieve some necessary living functions. 
Such stimulus-sensitive properties are ascribed to the large deformation resulted from the bending, 
folding and buckling and have attracted the scientists to explore their essences in a variety of 
scenarios relating to mechanical force, temperature, humidity, pH value, electricity, magnetism to van 
der Waals force. Up to date, some exciting achievements have been made and successfully applied to 
soft robot, sensor, nano-reactor and artificial organ. However, there are still many challenging 
problems to be well addressed in future. 
This research aims to investigate the bending, folding and buckling of soft materials via theoretical 
analysis, numerical simulation and experimental validation. The retractile behaviours of a spherical 
shell perforated by sophisticated apertures, attributed to the buckling-induced large deformation are 
studied. The buckling patterns observed in experiments are reproduced in computational modeling by 
imposing velocity-controlled loads and eigenmode affine geometric imperfection. It is found that the 
buckling behaviours are topologically sensitive with respect to the shape of dimple and the buckliball 
featured with rounded-square apertures has the maximal volume retraction ratio. Afterwards, a 
kirigami approach is used to fold a patterned planar sheet into a buckliball under a certain thermal 
stimulus. By minimizing the potential strain energy, we obtain a critical temperature, below which 
this bilayer sheet exhibits identical principal curvatures everywhere in the self-folding procedure and 
above which the buckling occurs. The applicability of the theoretical analysis to the self-folding of 
sheets with a diversity of patterns is verified by the finite element method. Finally, the opening and 
closure of pine cones is revealed, which is attributed to the self-bending of its scales. It undergoes 
three states of humidity-driven deformation in terms of Föppl–von Kármán plate theory. Both 
numerical simulation and experimental data support the theoretical analysis and indicate the 
longitudinal principal curvature and transverse principal curvature bifurcate at a critical humid value 
which relies on the thickness and shape of scales.  
2 
The findings in this dissertation are significant not only for understanding the principle of natural 
structures with stimuli-responsive properties, but also for offering a novel way to design and fabricate 
functional shape-morphing structures for a variety of applications. 
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Chapter 1 
 
Introduction 
 
Background 
Morphological instabilities of active structure achieved via soft materials such as gels and biological 
tissues are of growing interest to a number of academic disciplines including soft lithography, 
metrology, flexible electronics, and biomedical engineering. Whereas, due to their intrinsic features of 
low elastic moduli and high sensitivity to external stimuli, soft materials are especially susceptible to 
buckling induced surface instabilities. Furthermore, many physical properties of a solid surface are 
dependent not only on its chemical compositions but also closely related to its surface morphology 
(Cao et al., 2012b). Those may pose a limit on the performance of materials and is often thought to be 
a nuisance which should be avoided (Li et al., 2010). One other point worth emphasizing is that the 
physics and characteristics of buckling could be utilized to fabricate functional structures, to design 
flexible electronics, or to measure the mechanical properties of materials. Understanding the nonlinear 
buckling and morphological transition of these structures is not only beneficial for applications in 
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medical engineering but also promises interesting fabrication routes to multifunctional industrial 
products (Li et al., 2011d). 
The history of application of active structures in civil engineering can be traced back to several 
centuries. A famous instance is known as the several paintings by Vincent van Gogh in 1888 
(Korkmaz, 2011). He drew the appearance of Langlois Bridge, a drawbridge built by a Dutch engineer, 
have been used for centuries. For now, active structure has been applied to enhance structural safety 
under extreme conditions like protecting tall buildings during earthquakes (Ghaboussi and Joghataie, 
1995) and against storms (Zuk, 1968). The basic reason that these active structures are increasingly 
favored in civil are owning to their satisfy serviceability criteria in changing environments (Yao, 
1972). Moreover, the general perception of active structures is undergoing an evolution, which pushes 
structures become dynamic objects capable of introducing intelligence. It is one of the desirable 
qualities of biological systems to interact with complex environments. Structural engineering has the 
ability to enhance the function of structures via mimicking living organisms to introduce the concepts 
such as self-diagnosis and self-repair into structural engineering (Wang et al., 2000). 
 
Figure 1.1 The climate sensitive structure made by veneer composite and birch Plywood (Menges, 
2011).  
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For instance, plant material physiology produces an anisotropic structure to be adapted by outside 
forces, running kinematic movements when triggered by environmental conditions. Recently, 
advancements in digital design and digital sensor technologies have enabled a novel, material-oriented 
approach to design climate reactive surface structures (Figure 1.1) (Menges, 2011). Complex 
geometries can be digitally produced, creating a kinetic structure without additional mechanical or 
electronic control mechanisms.  
 
Figure 1.2 The method for encapsulating therapeutics- loading preformed capsules (Johnston et al., 
2006). 
To be emphasized, active structures show their application in medicine and biotechnology, such as 
micro-sized capsules since their first application in 1998 (Donath et al., 1998). One of famous 
examples is the development of the layer-by-layer (LbL) technique, which has greatly improved the 
physical and chemical properties of thin films (Johnston et al., 2006). The principle of a kind of 
preformed capsule is sketched as Figure 1.2. To accomplish the self-assembly procedure, one of 
simple measurement is to disperse the capsules into the capsule interior by exploiting the diffusion of 
therapeutics from the surrounding medium. The polyelectrolyte capsule shell can be fabricated by 
materials that can responsible to salt like dextran sulfate (Georgieva et al., 2002) or pH (Sukhorukov 
et al., 2001), pores distributing on the shell surface can be opened to allow the therapeutic to diffuse 
into the capsules. 
Permeation 
of 
therapeutic
Encapsulation
Preformed
capsule
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In terms of soft materials such as elastomers, polymeric gels (Kopeček, 2007) and biological tissues 
(Cowin, 2004), which are well known as can ease to endure extreme deformation and various 
morphological stabilities in response to environmental stimuli such as mechanical forces (Genzer and 
Groenewold, 2006), temperature (Hong et al., 2008), humidity, pH value, electric field (Li and He, 
2010) and van der Waals interactions (Huang et al., 2006). Their important properties like 
biocompatibility, responsive behavior in changeable surrounding environmental stimuli (Nayak and 
Lyon, 2005), ability to store and immobilize reactive functional groups, chemicals or cells (Qiu and 
Park, 2012), and low interfacial tension at the gel-aqueous solution interface have been the focus of 
research for the past several decades. These mechanism required to change the physical properties of 
soft materials upon external stimuli has been explored for the tunable and switchable transport of ions 
and molecules across the material, controlled uptake and release of chemicals in therapeutics, and 
various kinds of sensors, microfluidic systems, nanoreactors, and biological scaffolds (Tokarev and 
Minko, 2009). 
In terms of the research of buckling of thin films, they can achieve numerous highly ordered patterns 
due to mismatched deformation (Bowden et al., 1998), in which the manner could be handled in 
different measurement (Chen and Hutchinson, 2004). These varies of buckling also play an important 
roles in nature, such as the morphogenesis of some plant parts, including phyllotactic pattern in 
compressed tunica (Shipman and Newell, 2004), primordium initiation in sunflower capitulum 
(Dumais and Steele, 2000), and Fibonacci patterns resembling the arrangement of pine cones scales 
(Li et al., 2005). At the large scale, tissue folding in the meristem is responsible for the initiation of 
new organs in specific phyllotactic patterns and also determines organ shape. At the small scale, 
oriented cell division and microtubule-based cellulose reinforcement control cell pattern and growth 
direction (Green, 1999). The rules behind those differentiations in functions of organs can be 
concluded as the fact that the energy-minimizing buckling happens on a compressed shell on an 
elastic foundation. 
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On the other hand, the research on optimization and its application started in the 1960s. The methods 
such as enumeration, linear programming, nonlinear programming, dynamic programming and mixed 
integer programming are usually used to solve optimal design problems. Structural optimization, in 
particular the layout optimization has been identified as the most challenging and economically the 
most rewarding task in structural design. Traditional solutions to structural optimization problems 
have been sought by using various mathematical programming techniques (Xie and Steven, 1993, 
Huang and Xie, 2008). 
1.1. Problem statement and methodology 
This research aims at investigating the buckling in some representative configurations involving films, 
sheets, fibbers, particles, tubes and other morphological structures in nature and artificial products, 
with particular attention on the surface instability induced by volumetric growth or shrinkage. The 
main measurement employed is the theory of the bending and stretching of plate (Mansfield, 2005). 
The configuration of those model involving buckling and wrinkling can be regarded as thin plates or 
shell structures composed of different constituent materials. It has been witnessed that lots of 
achievements accomplished in mechanics of morphological instabilities and surface wrinkling in soft 
materials (Li et al., 2012). Whereas, some problems still need to be addressed. For instance, it have 
been confirmed the applications such as Abaqus used to analyze structures consume a large amount of 
time (Shim et al., 2012b). Indeed, in a structural optimization of such sophistic configuration, the 
traditional topological optimization method is unsuitable as the evolutionary algorithms are extremely 
complex due to the nonlinear behaviors in materials. Moreover, the computational cost, determined by 
the simulation and analysis, is also unacceptable for research. However, akin to the visualization 
methods for biological organisms or organs, the shape optimization can be implemented using a range 
of different algorithms and methods (Gielis, 2003a). Therefore, it is significant to discover the best 
way to explain the geometrical properties involving some abnormal symmetries as well as the 
superiority of each method in buckling and post-buckling simulation, which could be verified by 
obtaining correct buckling patterns efficiently and stably (Wang et al., 2005).  
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For the purpose of controlling the buckling process, the influence from initial perturbations should be 
clarified. The results to emphasize the importance of it have been well developed on a single layer 
with isolated, large amplitude perturbation (Abbassi and Mancktelow, 1992). In particular, the 
buckling in such a system involves an amplification of the initial perturbation and progressive fold 
propagation sideways along the layer, which were shown in experiments (Cobbold, 1975) and finite 
element modeling (Cobbold, 1977) , respectively. Additionally, the analytical results for an elastic 
layer in a viscous matrix was also verified (Mühlhaus, 1993). It had been demonstrated numerically 
that the domination of the gradual amplification of initial single perturbations (Williams et al., 1978). 
Moreover, the symmetry of the initial perturbation can even be inherited by the final folds (Abbassi 
and Mancktelow, 1990). Above all, once the amplitude of initial perturbations is relatively large 
(compared with the scale of the initial model), the geometry of the initial perturbation could determine 
the final states and shapes. 
The word origami, developed from the ancient art of paper folding, has advanced in computer science, 
number theory, and computational geometry. It has paved the way for powerful new analysis and 
design techniques (Turner et al., 2015). There are several subdisciplines have applied in engineering: 
Orimimetric is the application of folding to solve engineering problems (Greenberg et al., 2011). 
Rigid origami is considering the creases as hinges and models the material between creases as rigid, 
restricting it from bending or deforming during folding (Tachi, 2009). Action origami is concerned 
with models that have been folded so that in their final, deployed state they can move with one or 
more degrees of freedom (Bowen et al., 2013a). Kinematic origami is designed to exploit relative 
motion between components of an action origami model (Bowen et al., 2013b). Kirigami strays from 
traditional origami rules by allowing cutting in addition to creases, but provides a manufacturing 
advantage that is sometimes more suited to engineering applications (Blees et al., 2015). All of these 
have applications in folding or morphing structures, micro-electromechanical systems, and cellular 
core structures for energy dissipation (Jianguo et al., 2014). 
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In terms of the buckling and post buckling of composited layers, the problems usually employ energy 
principle or semi-analytical approaches to determine the critical buckling load of structures. The most 
commonly used methods are including the Rayleigh-Ritz method (Dickinson and Di Blasio, 1986), 
Kantorovich method (Yuan and Jin, 1998), finite strip method (Cheung, 2013), and Galerkin method 
(Krysl and Belytschko, 1996). Most of these methods are governed by orthotropic or anisotropic plate 
buckling theory for laminates which are symmetrically stacked with respect to the plate mid-plane. 
Unsymmetrical laminates require a more complicated theory with bending-stretching coupling. 
This research program aims to design the buckling-induced self-assembling structure by means of the 
theory of buckling, post-buckling and composite layer structures. It will develop a systemic 
framework to optimally distribute the active structures within a given design space so that some 
functions and properties are obtained as requested. Namely, for the particular hollowed structure like 
buckliball (Shim et al., 2012a), its geometrical and mechanical behavior will be studied first. Then 
various aperture shapes defined by Gielis’ superformula are explored to seek for a larger volume 
retraction ratio. A computational model is created in Finite Element Analysis (FEA) software for 
buckling and post-buckling analysis by imposing a velocity field against the external shell surface and 
introducing the geometrical imperfection. Given that energy consumption exhibits a marked indicator 
to evaluating the efficiency of such a local folding mechanism, the bending energy and stretching 
energy densities on the surface of buckliball could be analyzed by the formulae from the linear 
elasticity theory. 
Consistent with that broad aim, the following objectives have been established for this study: 
• Development of an effective way to generate the geometry models and investigate its buckling 
behavior with the theory of plate and shell.  
• Find a reliable methodology to partition the 3D model into kirigami patterns to accomplish the self-
assembling process with the theory of the buckling of composited structures. 
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• Conduct the corresponding physical test to verify the theoretical and numerical results. 
A finite element analyze software, Abaqus, can be employed to create and analyze the numerical 
model of the structures, namely involving thin films, sheets, fibbers, tubes, particles and cavities (Li et 
al., 2011b). For physical validation, the basic approach is 3D printing technique (Rengier et al., 2010), 
which is referred to as rapid prototyping, solid free form, computer automated or layered 
manufacturing depending on the kind of production method used. It includes a number of established 
manufacturing techniques like Stereolithography (SLA) which uses photopolymers that can be cured 
by UV laser (Jacobs, 1995), Selective Laser Sintering (SLS) based on small particles of thermoplastic, 
metal, ceramic or glass powders that are fused by a high power laser (Williams et al., 2005) and Inkjet 
printing techniques based on different kinds of fine powders such as plaster or starch, which is the 
fastest fabricating and lowest cost technique (Calvert, 2001). For the basic material used as the main 
body of the kirigami pattern, a kind of Tango plus, which is similar to rubbers, is suitable for 3D 
printing and has good elasticity for repeatable tests. On the other hand, a kind of poly (N-isopropyl 
acrylamide-co-sodium acrylate) (PNIPAM) is used as the material of active-layer because of the 
significant temperature-responsive ability (Na et al., 2015). 
1.2. Significance  
Nowadays, remarkable progress has been made in recent years on the modeling of morphological 
instability in active structure made of soft matters. Some significant and interesting problems still 
deserve further experimental and theoretical investigation (Cao et al., 2012a, Li et al., 2011a, Li et al., 
2009). Firstly, advances in theoretical modeling in this field are prohibited by a number of mechanical 
and mathematical complexities. For instance, the surface instability of soft materials usually involves 
both strong geometrical and material nonlinearities, making the theoretical analysis difficult. The 
morphological evolution beyond the critical state is incredibly complicated, especially in the case of 
3D surface instability on curved surfaces, and the conventional methods of buckling have difficulties 
in predicting surface patterns and their evolution. The post buckling evolution of surface wrinkling 
often involves large deformation, nonlinear constitutive relations, multiple symmetry-breakings, 
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loading path-dependence, stress singularity, and other complexities. In addition, as to the 
morphogenesis of living tissues and organs, a number of chemical and biological mechanisms, which 
couple with the mechanical factors, may contribute to the buckling behavior but so far little progress 
has been made in this direction. Systematic investigations on the influence of these mechanisms 
would be of interest not only for understanding the buckling behavior but also for exploring the 
applications of buckling-based techniques for materials, medical and biological applications. 
Especially for civil engineering, researches focus on active structure is growing due to factors such as 
new challenges in extreme environments (space, undersea, polar), contaminated contexts (nuclear, 
chemical, biological) and increasing awareness of earthquake risks, which increases the demand to 
create the new methodology of active structures. Therefore, it is of significance to develop more 
effective methods for studying the buckling and post-buckling behavior of soft materials taking into 
account the effects of biological–chemical–mechanical coupling, 3D geometry, and other influential 
factors. 
Despite of the fact that the self-assembling procedure was only very recently developed, the 
application has achieved great successes in different fields. The most basic method is self-folding, 
which is the capability of a structure to fold or unfold without the application of external 
manipulations. The existing examples of self-folding structures can be classified according to the 
physical field that produces the folds, which is including Thermally-activated (Hawkes et al., 2010), 
Chemically-activated (Luchnikov and Stamm, 2011), Optically-activated (Ryu et al., 2012), 
Electrically-activated (Bar-Cohen and Zhang, 2008) and Magnetically-activated (Farshad and Benine, 
2004). However, most of existing researches are focusing on the experiment to realize the design. 
There is few research about using theoretical analysis and numerical simulation to explain and control 
the progress. This study will establish a perfected method of building a self-assembly structure with 
complex 3D appearance, which is able to response to the particular stimulus. Additionally, the study 
of self-assembly will be extend to explain the phenomenon in nature. It is required by researchers who 
have to face the challenges of understanding and applying this technique into industry.  
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1.3. Organization of the thesis 
 
Figure 1.3 The logical relationship among different Chapters.  
This research aims at studying the buckling behaviour and application of active structures and soft 
materials. In Chapter 2 the first but most significant work is started as literature reviewing, involving 
effort directed toward exploring the applications of buckling-based techniques for mechanical and 
physical as well as biological applications. It is crucial that getting to know the theory of bending and 
stretching of plates and shells. In this chapter, the theory of buckling and post-buckling of composited 
structure is also summarized. This is followed by a brief summary of previous research on the 
applications of origami and kirigami methodologies in the design of self-assembly configurations. 
Chapter 3 illustrates the procedure of buckling-induced retraction of spherical shells, especially study 
on the shape of aperture. This chapter demonstrates the retractile behaviours of a spherical shell 
perforated by sophisticated apertures, which is attributed to the buckling-induced large deformation. 
The buckling patterns observed in experiments are reproduced in computational modeling by 
 
 
Chapter 1                                                                                                                                               14 
imposing velocity-controlled loads and eigenmode-affine geometric imperfection. The relationship 
between buckling behaviour and the shape of dimple (aperture) is investigated. The volume retraction 
ratios as well as the energy consumptions of different aperture shapes are calculated and compared. 
Additionally, an effective experimental procedure is established thus the simulation results can be 
validated in this study. 
Chapter 4 illustrates a kirigami approach to build deployable structures, which further examines the 
research of the buckling configuration explained in Chapter 3. A kirigami pattern is designed for a 
thin bilayer shell, allowing it to fold into a buckliball under thermal stimulus. Computational 
simulation integrated with buckling analysis reveals this hinge-free spherical structure can retract into 
a much smaller sphere by tightly shutting the originally opened apertures on its surface, just like the 
process introduced in Chapter 3. More importantly, the whole transformation process is revisable. By 
reckoning potential strain energy during the deformation, a critical temperature below which the self-
folding procedure is well controlled to have identical principle curvatures everywhere is identified. 
In Chapter 5 the curvature investigation of pine cones scales in response to humidity variation will be 
illustrated. According to the previous chapter, the phenomenon that composited configurations 
transform their shape reversibly in response to environmental variations in nature could be explained 
by the buckling analysis of composite structures. Herein the shape-morphing of pine cones with its 
multilayer construction under humidity stimulus is studied. The geometrical feature is investigated 
and acted as guidance of generating the numerical model. Computational simulation is then integrated 
to reveal this hinge-free columnar structure can tighten up or unfold repeatedly by controlling the 
bending of scales distributing on its surface. With the generalized equilibrium equations, the buckling 
of the scale and its explicit expression are predicted by theoretical analysis. 
Chapter 6 summarizes the research outcomes and presents recommendations for future studies. 
  
 
 
  
 
 
 
Chapter 2 
 
Literature Review 
 
200 years ago, the original problems of instability, concerning lateral buckling of compressed 
members were firstly solved by L. Euler. Only raw materials including stone and wood were used for 
the principle structure. It seems that the problem of elastic stability appears not very important due to 
relatively weak in strength of these materials. Therefore, Euler’s theoretical solution developed for 
slender bars, which is the first investigating for buckling, had been silent for a long time without 
application. The situation was changed since some extensive constructions of steel railway bridges 
were beginning to be produced, where the problem of buckling of compression members had to be 
addressed. To sum up, buckle is originally avoided in engineering because it usually brings variation 
and uncertainty to constructions, which seriously obstructs its utilization. 
In the past decades, a great interest has been sparked in the development of theories to explain the 
buckling behaviors of natural and artificial structures. Initially, von Kármán and Tsien (Von Karman 
and Tsien, 1939) showed that the state of stability of some structures like plate and shell structures is 
weak. Namely, a small disturbance might cause them to snap, resulting badly deformed configuration. 
Tsien (Von, 1940) also investigated the influence of curvature on the buckling characteristic of 
structures. After the studies of them, Zheng (Zheng and Chiew, 1989) developed semi-analytical 
computer method to solve a set of geometrically nonlinear equations of plates and shells. By this 
method, analytical solutions such as exact expansion in series, perturbations and iterations of the 
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equations can be obtained. From biophysical viewpoints, for example, during the growth of leaves 
(Liang and Mahadevan, 2009c), the morphology transition can be regarded as spontaneously 
approaching the mode with minimal energy, which is similar to the mechanical instability approach. 
Basing on this shell buckling configuration, the researchers in Germany promoted soft elastic capsules 
(Knoche and Kierfeld, 2011) which could reduce its volume. They stated that the shape with simply 
buckled were the easiest to be compressed while a spherical structure consumed the largest energy 
during the buckling.  
As introduced in Chapter 1, including the morphogenesis of a few natural and biological systems, the 
studies on the spontaneous buckling pattern formation on curved substrates can also inspire design of 
3D nano or macro fabrication in engineering. For the sake of solve problems in manufacturing and 
transporting, the mechanisms with sophistic principle or mesostructure can be used to manipulate and 
control the formation of particular ordered patterns via self-assembly. Researchers have found great 
advantage in looking beyond traditional design approaches and achieved approaches for the design of 
via complex self-folding films with origami and kirigami method (Peraza-Hernandez et al., 2014b), 
which enabled a wide range of engineering applications. 
In this chapter, the buckling and post-buckling of specified patterns is deployed for designing 
structures with self-assembling properties. The previous studies on bending and stretching of plates 
and shells, especially the derivation of the basic equations for the thermal stress effects are first 
reviewed in Section 2.1. The buckling and post-buckling analysis of composite structures are 
demonstrated in Section 2.2. The underlying principles are focused on the buckling instability in these 
sections. In Section 2.3 some of origami and kirigami inspired active structures are briefly discussed. 
Afterwards, the applications of buckling are thoroughly introduced in in Section 2.4. Ultimately, and 
the advantage and limitations of previous studies are illustrated in Section 2.5. 
2.1 The bending and stretching of plates with large-deflection theory 
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To understand the behaviour of buckling, the large-deflection of plates should be considered here. 
Different from the small deformation theory, it considers the middle-surface stresses which arise from 
the straining of the middle surface. In the case of the plate deflects into a non-developable surface or 
the movement is hinged by boundary conditions, such kind of straining appears. The governing 
equations for isotropic plates and the solutions of the condition involving thermal field are discussed 
here. 
2.1.1 The derivation of governing differential equations for isotropic plates 
Firstly, the equilibrium equation of a plate with variable thickness and rigidity could be derived by 
considering the flexural rigidity D = Et 3/12(1-μ2), off-plane deflexion w, and the middle-surface force 
function Φ (Mansfield, 2005): 
( ) ( ) ( ) ( )wqDwDwD T ,)1(,)1( 42422 Φ◊+=∇++◊−−∇∇ κµµ                            (2.1) 
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∂2b/∂x∂y + ∂2b/∂y2 ∂2a/∂x2 . q is the normal distributed loading and κT denotes the temperature gradient 
through the thickness. The effect of mid-surface forces per unit length Nx, Ny, Nxy are related to the 
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Thereafter, derived from the relation of stress and strain, the differential equation satisfied by force 
function Φ could be obtained as:  
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where t denotes the thickness, εx0, εy0 and εxy0 are the mid surface strain tensor, εT refers to the thermal-
strain in the plate. The in-plane displacement u, v are along the x, y-axis, respectively. They could be 
eliminated according to the condition of the compatibility: 
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Associated with the equation (2.2), a new expression about Φ can be derived: 
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For the case of a plate without any loading while whose mid-surface has an initial deflection which 
can be expressed as z = w0 (x, y), the off-plane deflection w could be obtained with considering the 
relations of moment and curvature: 
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Considering equation (2.3) and replace w by (w – w0), the mid-surface strain εx0, εy0 and εxy0 are 
deduced. Similarly, the compatibility equations can be expressed in the form with (w – w0) to satisfy 
the governing differential equations. Therefore, the more general expressions of equations (2.1) and 
(2.5) are obtained as 
 
 
Chapter 2                                                                                                                                               19 
( )( ) ( ) ( ) ( )wqDwwDwwD T ,)1(,)1( 4204022 Φ◊+=∇++−◊−−−∇∇ κµµ                      (2.7) 
( ) ( ){ } 0,,
2
1,1)1(1 00
442422 =◊−◊+∇+




 Φ◊+−




 Φ∇∇ wwwwEE
tt T
εµ                      (2.8) 
Above all, the solution of the plate with large deflection subjected to the corresponding boundary 
conditions is concluded as equations (2.7) and (2.8). In terms of a plate with constant thickness and 
entirely unrelated to thermal stimulus as well as initial deflections, equations (2.1) and (2.5) are 
reduced into the expressions firstly found by Föppl-von Kármán (Cerda and Mahadevan, 2003). 
( )wqwD ,44 Φ◊+=∇                                                       (2.9) 
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Although these large deflection equations are extremely hard for solving, the problem could be 
simplified once some of the components such as t, q, D and Φ are only changing along one direction 
or even retaining constant. It provides a better understanding of large deformation of plate, which is 
significant especially for buckling behaviours analysing. 
2.1.2 Elliptical plate with temperature gradient through the thickness 
To investigate the thermal deflection of plates, a flat elliptical plate as a general case is considered 
here. The thickness has parabolical variation according to diameter, which obeys the equation as: 
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where t0 is the thickness at the center and a, b are the major and minor semi-axis of this elliptical plate. 
The corresponding rigidity D could be given as: 
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The thermal stimulus distributing through the thickness ∂T/∂z is constant, which could be regarded as 
the mid-plane temperature. This temperature distribution will consequently produce a uniform 
spherical curvature κT in each unconstrained element of the plate as:  
( )zTT ∂∂= /ακ                                                           (2.13) 
where α denotes the thermal expansion coefficient. The temperature gradient could be measured by 
the curvature κT. In this case, the heated plate will deform into an ellipsoid shell as  
( )221221 22
1 yxyxw κκκ ++−=                                                (2.14) 
where κ1, κ12, κ2 are the curvature tensors referring to κT but whose directions are independent to the x, 
y-axis. The deflection of plate could be expressed via these curvatures. On the other hand, the 
parameter depending on κT is the magnitude of the middle surface force other than its distribution. The 
force function Φ has the same manner of variation as the rigidity D, which could be deployed to 
calculate the middle surface forces. Additionally, the rigidity D and the force function Φ have the 
same dimensions, which could be consequently regarded as Φ = βD (β is a non-dimensional 
parameter). To simplify the analysis, the non-dimensional curvatures should be introduced as: 
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Figure 2.1 The sketch of general boundary conditions. 
The deflection w and the force function Φ are compulsory to be discussed due to the boundary 
conditions. Generally, there are no forces and moments on the edge of the plate referring to figure 2.1. 
Therefore the forces along the boundary could be expressed as: 
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where n, t are the normal and tangent direction to the edge at a typical point P, respectively. s is the 
direction along the boundary. t would coincides s when the boundary is straight. Q denotes the sheer 
force. The variations of D and Φ along the boundary have to satisfy the boundary conditions as: 
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To explicitly show the effect from κ1, κ12, κ2 and β, the parameters for the expression of w and Φ can 
be utilised in the governing partial differential equations. The general identity is introduced to satisfy 
equations (2.1) and (2.5) via the expression of w and Φ as: 
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The following relations are retaining constant in this case: 
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According to the governing equation (2.5) with the assumption εT = 0, each of above terms keeps 
constant thus a non-dimensional expression for κ1, κ12, κ2 and β could be summarised as: 
0
2
1221 =−+ κκκβ                                                           (2.20) 
With q = 0, the equation (2.1) can be similarly expressed as: 
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The parameters κ1, κ12, κ2 and β can be determined from the above expressions together with the 
equation (2.20) by vanishing A, B and C. Particularly, to vanish B, it requires 
012 =κ                                                                   (2.22a) 
or 
1−= µβ                                                                (2.22b) 
For the solution with smallκT, the first term (2.22a) is considered. In this case, equations (2.20) and 
(2.21) require that 
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where β is the real root of  
( ) ( ) 011 222 =++−+ Tκµβµβ                                                     (2.24) 
The plate deforms into a spherical cap when κT is small. In this case β has a simple relation with κT. 
It illustrates that the middle surface stress increases as the square of the plate curvature. Similarly, the 
bending stress could be yielded as rising with the cube of the plate curvature. Considering the energy 
consuming, the above solution is valid until β reaches to a critical value κT*, which is yielded from 
equation (2.22b). Refers to the description of equation (2.24), it reveals that 
( ) ( )µµκκ +−== 1/12 2/1*TT                                                     (2.25) 
In terms of the case κT  > κT*, equations (2.21) and (2.22b) can product a result by vanishing of A and 
C 
( ) ( ) 01 21 =+−+ κκκµ T                                                    (2.26) 
Whatever κ12 changes, B retains zero. If the series of dimensionless curvature κ1, κ12 and κ2  are 
expressed by principal curvatures κx, κy, the equations (2.20) and (2.26) could be simplified as  
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Conversely, the principle curvatures κx and κy can be easily expressed by κT 
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For a large κT, the two principle curvatures would have a bifurcation. One of them tends to (1+μ) κT 
while the other one converges to zero, thus the plate turns into a developable surface likes a scroll. 
The critical point triggering buckling should be noted and investigated to understand the buckling 
behaviour of plates. 
2.2.  Buckling and post-buckling analysis of some structures 
For a structure with external loading or stimulus, once this loading increases above a critical point, the 
deflection of the structure would become extremely large and rise quickly. The situation for such 
critical value has been concluded as buckling, while the corresponding loading has been known as the 
critical point of this buckling behaviour. Buckling is usually caused by elastic instability, which is 
similar to other kind of failures. Due to the small thicknesses, plate and shell are easier to buckle than 
other structures. In the stage of buckling, the deformation usually increases nonlinearly with external 
force. According to the derivation in the previous section, the gradient of load-deflection curve will 
decrease and tends to a constant value, which results the decrease of structural stiffness. For some 
structure with complex configuration, various buckling modes might appear corresponding to the 
geometry, materials parameters and ratio between each ingredients. Take an isotropic plate as an 
example, its aspect ratio will determine the buckling wave shape. For composite plates, the buckling 
deformation forms are not only affected by the geometrical properties, but also influenced by the 
anisotropic material property. 
It is theoretically possible that some structures could bear extra loading in their post-buckling 
procedure, but the bending and torque moment might debond composite layers from each other. In 
other words, the delamination between layers might occur due to the extremely large deflection. On 
the other hand, cracks and fatigue are too complex to be investigated in analysis, which are always 
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averted in buckling conditions. In designs for industrial and research purpose, only some specific 
buckling characters are considered because of their outstanding performance in deformation and high 
efficiency in particular object program, like some special features during compression. If those 
detailed features are not considered in appropriate ways, the ultimate buckling character might be 
quite different from the ideal patterns, thus the buckling and post-buckling analysis, including their 
classification and methodology of analysis, are discussed here. 
2.2.1. The classification of buckling problems 
2.2.1.1. Initial geometrical imperfection 
With a general assumption, structure or their composited components could not be fabricated as the 
ideal shapes because of the limitation of manufacture or assembling. Among these initial 
imperfections include geometrical imperfections, inhomogeneous loadings and variations of boundary 
conditions, the initial geometrical imperfection is concerned with the most times. The most important 
function of imperfections is they could bring the perturbation into the original finite element model, 
so that the predicable buckling deformation will occur steadily. Otherwise the ideal nonlinear 
behaviour cannot be obtained and the model could only represent the transmission of stress wave. 
However, geometrical imperfection usually cannot be precisely shown in a numerical model and 
appears in various forms. It is generally accepted that the normalized buckling wave can be 
considered as an approximation of imperfection, which is obtained from eigenvalue buckling analysis. 
Scholars have considered the imperfections for several decades. Hutchinson tried to explore the 
dynamic buckling strength of a given imperfect structure directly to its static buckling strength 
(Budiansky and Hutchinson, 1966). He revealed the fact that within the imperfection, the static 
buckling strength is reduced. Therefore, the critical value of loading is also decreased. Unfortunately, 
the model is restricted to one-dimension structures like beams. Afterwards, the static post-buckling 
behaviour of simply-supported flat panels exposed to a stationary nonuniform temperature field and 
subjected to a system of in-plane subcritical compressive edge loads was investigated by Librescu 
(Librescu and Souza, 1993). In this case the problem is extended into 2D structures and thermal field 
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is also introduced, which broads the application of imperfection. Additionally, the effect of random 
geometric imperfections on the limit loads of isotropic, thin-walled, cylindrical shells under 
deterministic axial compression was presented by Schenk (Schenk and Schuëller, 2003). This research 
contributed the study of imperfection by uncertain conditions and experimental tests. To sum up, the 
introduction of the perturbation could be concluded as two steps. The first one is eigenvalue buckling 
analysis, by which the critical loads and deflection modes are obtained. The deformation form is then 
defined on the structure by a small magnitude as geometric imperfections to process the nonlinear 
post-buckling analysis. In terms of the advantages, various geometrical imperfections are simulated 
accurately from the linear buckling modes, in which different perturbation forms might lead to 
different instability modes. Therefore, by employing the reduction integration element as well as the 
larger load increment before nonlinear response occurs, a big amount of computation cost can be 
reduced without losing the accuracy. Some commercial software such as ABAQUS has the ability of 
generating numerical simulation of post-buckling analysis with initial imperfection. 
2.2.1.2. Delamination driven buckling  
For composite structures especially multilayer structures, delamination generated by improper 
manufacture is noticed by researchers for a lone time as it could produce damage and result in 
significant reductions of loading capacity. Different from metallic materials, delamination crack may 
grow rapidly under compressive load but not extensional settings. The compressive strength of 
composite panels is therefore decreased by delamination due to buckling of fibre. In this case, the 
critical load might be overestimated, where the compressive strength of composite panels is found 
generally 30% lower than the tensile strength. Therefore, a notable amount of research including 
analytical, numerical and experimental studies about the prediction of delamination has participated 
into the buckling and post-buckling behaviour of delaminated composite structures, which makes this 
kind of buckling significant for composite structural analysis. As a pioneer for investigating failure 
inside the laminated plates, Chai used a simple one-dimensional analytical model, where the 
delamination area is divided into four regions considering the simplicity (Chai et al., 1981). As the 
 
 
Chapter 2                                                                                                                                               27 
developing of the research, the post-buckling behaviours of composite panels with multiple 
delaminations were studied by an analytical method formulated on the rule of Rayleigh-Ritz energy 
approximation technique, where some constrained points in the delaminated area were considered to 
investigate the contact between delaminated surfaces (Suemasu, 1993). On the other hand, initial 
buckling load of delaminated composite laminates is usually much lower than the intact laminate 
buckling load, which has been proved by a research of the post-buckling behaviour of composite 
laminates debonded under in-plane loads, deploying a layer-wise B-spline finite strip method (Zhang 
and Wang, 2009). Due to the nonlinear post-buckling problems conducted by contact in delamination, 
not only the theoretical analysis is significant, but also numerical simulations and experiments are 
compulsory to provide further investigation on this phenomenon. In the finite element analysis of 
delamination features, two methods named Virtual crack closure technique (VCCT) and cohesive 
interface element model are deployed, which simulate the crack propagation by the energy release rate 
criterion. The former investigates the behaviour of crack propagation when an initial crack is 
designated, whose the principle is based on classical fracture mechanics (Shokrieh et al., 2012). On 
the other hand, cohesive element is a numerical model based on damage mechanics. The stiffness of 
the element will decrease after reaching a critical stress, until a failure occurs. In this case, the 
bonding element could be eliminated to simulate the propagation of a fracture, thus cohesive models 
could be used for analysing the process of crack initiation to propagation (Kim and Kim, 2008). 
Regarded as a highly nonlinear and discontinuous problem, the potential fracture area in delamination 
driven buckling is usually meshed with high density precision due to convergence. Therefore, the 
computational efficiency remains to be improved. 
2.2.1.3. Thermomechanical buckling 
Due to the heterogeneity of materials, composite plates can buckle without the application of 
mechanical loads by enhancing or decreasing temperature. Therefore, the buckling behaviours of 
composite panels under thermal loads are worth to be studied. Approximation theories like energy 
principles are usually deployed to predict thermomechanical buckling. For simplicity, the material 
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properties are usually assumed to be independent of temperature in many researches. To study the 
thermal buckling of a simply supported composite laminated plate undertaking uniform and non-
uniform tent-like temperature loading, a higher-order shear deformation plate theory has been 
developed (Shen, 1997), where thermal buckling loads and post-buckling equilibrium paths are 
determined by a mixed Galerkin perturbation method. A series of properties such as thermal load ratio, 
plate aspect ratio and initial geometrical imperfection have been investigated and proved to influence 
the feature of thermal post-buckling significantly. By contrast, rather less effect is resulted by the total 
number of plies. The hierarchy of composite models, predictor-corrector procedures, the effect of 
temperature-dependence of material properties on the response, and the sensitivity of the 
thermomechanical response to variations in material parameters were reviewed as the different 
computational methods used for high temperature composite panels (Noor and Burton, 1992). On the 
other hand, the optimal design of laminated plates subjected to uniformly distributed temperature has 
been investigated, where the effect of aspect ratio, antisymmetric lay-up, boundary condition, material 
anisotropy, ratio of coefficients of thermal expansion, and hybrid laminates on the characteristic of 
thermal buckling are compared (Topal and Uzman, 2008). According to their research, the modified 
feasible direction method is utilised to maximize the critical temperature. The similar method was 
employed to study the thermomechanical buckling of composite plate with geometrical modification 
likes circular cut outs and their variable parameters such as the diameter of hole (Noor et al., 1994). 
Ultimately, there are studies of thermal post-buckling behaviour of plate with various boundary 
conditions by using finite element method, where the post-buckling path is investigated by solving 
nonlinear governing equations. 
2.2.2. Analytical solutions for buckling analysis of composite structures 
To understand the buckling resistance and carrying capacity of the structure, the buckling procedure is 
generally analysed to estimate the critical load and post-buckling deformation. In terms of an isotropic 
plate, the critical loading basically depends on the aspect ratio and the stiffness. However, the effect 
of anisotropy should be considered in the analysis of composite panels and complicate the problem. 
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For industrial fabrication, the symmetric and balanced stacking sequence of composited plate is 
emphasized to avoid unpredictable warp deflections. The critical load of a symmetric laminated plate 
could be predicted by: 
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where Dij (i, j=1, 2, 6) represents the bending stiffness coefficients of the laminate, while α and β are 
the correction factors determined by the boundary conditions supporting the panel. These correction 
factors, which impact the empirical formulas, could be adjusted through collecting experimental data. 
In terms of typical structures and specified problems, reliable and simplified models for experiments 
should be conducted to obtain the crucial data. When complex structures are investigated, finite 
element model or some other approximation methods are considered to predict the buckling load. 
Take a cylindrical shell as an example, the experimental data in this shear buckling problem has been 
compared with the conclusion of Timoshenko’s classical formula, where the result showed an 
acceptable accuracy (Athiannan and Palaninathan, 2004). To determine the critical load, high order 
partial differential equations need to be solved. Born from Euler’s investigation on the carrying ability 
of columns and improved by Timoshenko investigation on shell structures, linear buckling theory is 
the most commonly used method for buckling analysis. It is based on the assumption of small 
deflection and linear elasticity without considering the effect of initial imperfection or deformation. 
Additionally, it assumes the structure will be broken when the load reaches its critical value. On the 
other side, nonlinear buckling theories can simulate the post-buckling behaviours with higher 
precision. However, it requires the iteration methods to reveal the load-deformation relationship, 
where the algorithm requires much more computation. To fit the requirement of detailed analysis, 
numerical finite element models could provide precise prediction of mechanical features with large 
amount of computational costs. For the demonstration of structural performance, approximation 
models for buckling problems are usually considered, which employ energy principle such as the 
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Rayleigh-Ritz method, Kantorovich method, finite strip method. Most of these methods discussed 
respectively below are governed by orthotropic or anisotropic plate buckling theory.  
2.2.2.1. Rayleigh-Ritz method 
To yield the approximate form of bucking and solve the buckling loads, energy principle has been 
commonly deployed, where the crucial stage is promoting a shape function to fit the boundary 
conditions and deflection during the buckling progress. According to the minimum potential energy 
principle, a critical value could be obtained by solving the partial equation. To achieve this 
methodology, Rayleigh-Ritz energy method is one of the most effective measurements. According to 
its principle, the total energy Ut of the system could be expressed by superpositing the potential 
energy Up introduced by the external forces and the strain energy U. The general expression could be 
written as: 
( ) ( )wUwUU pt +=                                                          (2.30) 
where w(x, y) is the off-plane deflection and could be used to express Up and U as: 
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where the undetermined coefficients Ci and polynomials φi(x, y) form the shape function w(x, y). 
Therefore, the first partial derivation of the total energy Ut with respect to these unknown coefficients 
Ci could obtain the minimum potential energy, which could be considered as an eigenvalue problem 
with respect to Ci. Though solving the minimum eigenvalue, the explicit critical buckling load could 
be derived in most case, which does not require large amount of computation costs and regarded as 
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the significant contribution of this methods. A buckling analysis of stiffened panel has been 
considered with anisotropic stiffness coefficients, where Ritz energy principle is utilized to derive the 
equilibrium equation and the results are compared with that obtained from the numerical simulations 
conducted by ABAQUS (Byklum et al., 2004). 
2.2.2.2. Galerkin method 
To solve an eigenvalue problem for linear buckling analysis, Ritz energy principle is not the unique 
option. Known for its effective performance for solving differential equations, Galerkin method could 
be represented as 
( ) ( ) 0, =∫∫ dxdyyxwL iϕ                                                          (2.32) 
where L(w) is the governing differential equation of the panel. The form of shape function w(x, y) is 
assumed as similar to that in equation (2.31). This eigenvalue problem could be addressed once the 
coefficients in equation (2.32) have nonzero solutions, which is quite similar to the principle of the 
Ritz method. To compare the accuracy of results from Ritz and Galerkin methods, the buckling 
analysis of a plate has been investigated (Fazzolari and Carrera, 2011). Additionally, these two 
methodologies would have the exactly the same solution if the boundary conditions are not considered. 
To apply Galerkin method for the buckling of plates subjected to boundary conditions and stress 
loading, the mathematical relationship between buckling capacity and the plate aspect ratio has been 
studied, which is crucial for estimating the reduction in elastic buckling capacity corresponding to the 
change of stress (Jaberzadeh and Azhari, 2009). In this research, the rotational stiffness is included 
into strain energy, where a method to approximate elastically-constrained boundaries is promoted. 
Moreover, a modified meshless Galerkin method is introduced to discretise the structure by a series of 
scattered nodes for the sake of deriving approximated solution of buckling state (Peng et al., 2006). In 
other words, this novel method is effective to formulate the governing equations of buckling by 
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combining the stiffness and stress matrixes. Profited from the property of independent on finite 
elements, the meshless method can be used for some complex problems involving mesh distortion. 
2.2.2.3. Finite strip method 
The other method that has attracted the attention of scholars is the finite strip method (FSM), which 
appears effective performance for predicting buckling loads of shells. It has two branches named 
semi-analytical FSM (S-A FSM) and the spline FSM (SFSM), where the major difference is 
represented on the displacements along longitudinal direction. A series of global, continuous 
analytical functions and local, polynomial spline functions are used to represent the displacement 
quantity in the longitudinal direction in S-A FSM and SFSM, respectively. Generally, SFSM is more 
functional compared with S-A FSM, due to its longitudinal expression can keep a constant form even 
the end condition is changed. To illustrate the strategy of FSM, the plate has been tailored into strips 
longitudinally, and then the behaviour in the axial direction is expressed via different functions. The 
strategy is akin to finite element method because those strips acted as the basic element. It demands 
less computational cost than the finite element method as the strips has much fewer degrees of 
freedom. 
Many useful extensional researches have been derived from FSM, the bucking stresses of shell 
structures has been investigated though SFSM (Wang and Dawe, 1999). Generally, the buckling of 
composite panels is proved as strongly influenced by the form and magnitude of initial imperfections. 
For instance, Fourier series can be employed to represent the geometric functions when plates have 
imperfections (Dawe et al., 1995). To compare S-A FSM and SFSM, the post-buckling of composite 
laminated plates with initial imperfections are investigated by these two methods. To illustrate, the 
forms of von Kármán equations are assumed to express the geometric nonlinearity, which subjects to 
the principle of the minimum potential energy (Ovesy et al., 2005). On the other side, the post-
buckling analysis of composite laminated plates by SFSM with both classical plate theory and shear 
deformation plate theories has been broadly studied. Among them, the thin-walled symmetric cross-
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ply laminated plates under uniform end shortening are studied by a nonlinear multi-term finite strip 
method, which is produced from von Kármán’s compatibility equation as well as the equilibrium 
equations derived by minimum potential energy (Ovesy and Assaee, 2005). The results are valid by 
compared with the finite element analysis. 
To sum up, analytical shape functions and reasonable discretization method are introduced by FSM. 
To handle the buckling problems of plate, it provides satisfactory accuracy with acceptable 
computational costs. However, FSM also has disadvantages such as the difficulty of determination of 
shape functions for the corresponding finite strip, which might lead to obstruction in post-buckling 
analysis and low-accurate results. On the other side, this method is generally based on simplified 
mathematical models, which could not address the problem of configurations with sophistic geometry. 
In a word, FSM requires more research to improve its ability of application. 
2.2.2.4. Kantorovich method 
To address the problem that determining shape function in FSM, researchers developed Kantorovich 
method. The algorithm replies on iteration that reduces governing partial differential equations into 
the governing ordinary differential equations. In this case, the solution would converge at a critical 
loading. With the Galerkin equation or other approximations based on the principle of minimum total 
potential energy for eigenvalues, the iteration of equations could be fast. Above all, owning to the 
advantage that the displacement functions could be adjusted to the boundary conditions during the 
iterations, the initial assumption of displacement is capable of being determined with more freedoms 
(Joodaky et al., 2013).  
2.2.3. Morphogenesis and mechanics of planar structures 
Recently, a great interest has been concentrated on the buckling of some natural and artificial 
structures with mechanical buckling theory. Generally the corresponding research can be divided into 
two categories: one is the investigation on the mechanism of planar patterns such as flowers and 
leaves. The other one is studying the shell like structures like balls, cavities and capsules. 
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2.2.3.1. Morphogenesis and mechanical of planar structures 
 
Figure 2.2 (a) Irregular hexagons are prominent on this cactus, whose stickers are arranged along 12 
radial lines; (b) theoretical reproduction of the cactus in (a), obtained by restricting the energy 
(Shipman and Newell, 2004). 
The buckling phenomenon is always visualized on planar structures such as thin films or sheets. In 
nature, uncountable patterns have interested scientists for centuries. However, their biophysical 
mechanisms have been investigated effectively only recently. Take phyllotactic patterns as an 
example; they represent a system originating in an annular region that typically propagates inward. 
Even though they are observed in plant shoots and flowers, those incredible patterns were not 
associated with buckling until Green’s pioneering research. He assumed that buckling of the 
compressed tunica is the governing mechanism for determining the local phyllotactic pattern (Green 
et al., 1996). It is not a coincidence that Dumais claimed that buckling is a reasonable explanation for 
the primordium initiation in the sunflower capitulum, which is under circumferential compression 
(Dumais and Steele, 2000). With the improvement of theory, the local phyllotaxis and the deformation 
configurations on plant surfaces were considered as resulting from the energy-minimizing buckling 
pattern of a compressed shell on an elastic foundation. To illustrate, the strain energy is minimized by 
configurations consisting of special triads of almost periodic deformations (Figure 2.2) (Shipman and 
Newell, 2004). 
(a) (b)
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Figure 2.3 (a) Wrinkles on a torn plastic sheet (Marder et al., 2003); (b) the saddle-shape buckling of a 
round plate (Dervaux and Amar, 2008); (c) the cone-shape buckling of a round plate (Dervaux and 
Amar, 2008); (d) shape of a plantain lily Hosta lancifolia leaf, showing the saddle-like shape of the 
mid-surface and the rippled edges (Liang and Mahadevan, 2009b). 
However, the mechanical principles of the shapes of leaves have also been considered by some 
scholars. Marder first performed experiments that involved tearing pieces of plastic with a fractal 
boundary (Figure 2.3a), the pattern of which was similarly observed on the edges of leaves. Proposing 
a continuum theory for governing spontaneous buckling, he promoted a considerable method to 
explain the generation of this type of wavy edge (Marder et al., 2003). Afterwards, the morphogenesis 
of growing tissues inspired an elasticity theory to explain the wrinkled shapes in leaves (Dervaux and 
Amar, 2008). In this research, the generalized Föppl-von Kármán theory of thin plates was proposed 
based on growth stress. Moreover, it noted that the buckling states of a round plate could be classified 
into the following two appearances: a saddle-like shape (Figure 2.3b) and a cone-like shape (Figure 
2.3c). The other natural structure that has a similar shape is kelp, whose blade shapes generally 
correspond to their habitats (Koehl et al., 2008). To illustrate, when the surrounding water is calm, 
wide, thin, and ruffled blades are generated. Conversely, narrow, thick, and flat blades are commonly 
found around rapidly flowing currents. This research revealed that the difference in shape of kelp 
resulted from elastic buckling. More recently, the shape of long leaves has been investigated (Figure 
2.3d). There is a critical value for growth strain in leaves, below which the lamina is represented as a 
(a)
(b) (c)
(d)
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saddle-like plate and above which localized ripples along the edges are generated and coexist with the 
saddle shape (Liang and Mahadevan, 2009b). Above all, the different shapes of leaves may result 
from the differential in-plane stress or strain, where local or global buckling can be observed. 
 
Figure 2.4 (a) The cylindrical helices in wide strips of Bauhinia pods (Korte et al., 2010); (b) the 
twisted helices in narrow strips of Bauhinia pods (Korte et al., 2010); (c) a suspended curtain 
(Vandeparre et al., 2011). 
Despite the in-plane buckling above, differential strain may also trigger torsional buckling in strip-like 
structures, which leads to the helical appearance found in the opening process of Bauhinia seed pods 
(Armon et al., 2011). For strips with board blades, they usually bend into a cut from a cylindrical 
envelope (Figure 2.4a). However, the narrow strips favour presenting a twist where the central axis 
still keeps a straight line (Figure 2.4b). In addition, it has been found that the strip can buckle into a 
helix, with some triangular patterns distributing on the surface, under torsion and high longitudinal 
tension simultaneously (Korte et al., 2010). The wrinkles have another form, which is found in 
suspended curtains (Figure 2.4c). Restricting the deformation from the upper side of the boundary, the 
thin elastic sheet generates small wavelength wrinkles, which form into wrinkles with a larger 
wavelength (Vandeparre et al., 2011). The reason could be summarised as the cooperation between 
stretching in the direction parallel to the wrinkles and bending along the edge, where the wavelength 
(a) (b) (c)
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has been proven to be related to the distance from the constrained edge. Moreover, a similar pattern of 
parallel wrinkles has been found on an ultrathin polymer sheet floating on a fluid (Huang et al., 2010). 
2.2.3.2. Morphogenesis and mechanics of spherical structures. 
 
Figure 2.5 (a) Morphology transition during the growth of a typical pumpkin (Yin et al., 2009); (b) 
deformation map of spheroids as the parameters such as shape factor and modulus ratio, vary (Yin et 
al., 2009). 
Because they are required for drug delivery and biosensors, spherical structures are becoming 
increasingly favoured by industry and scientific institutions. To enhance the capabilities of 
transformation, these soft structures often require complicated programs to alter their geometrical 
texture, especially the characteristics of the surface. Fortunately, the buckling generated from physical 
and chemical stimuli can realise the designed mechanisms; this buckling was originally observed 
during the growth of fruit. For instance, at the stage that a pumpkin starts to grow, the appearance is 
spherical. When the melon grows larger, some ridges appear along the longitudinal direction. 
Additionally, when the fruit grows further, the number of ridges increases (Figure 2.5a). Many fruits, 
such as Korean melon and squash, also experience this interesting procedure during their growth and 
generate wrinkling during their drying. Some researchers claim that this buckling mechanism results 
from the growth mismatch between the external shell and the core inside, which is based on the theory 
(a) (b)
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of a thin elastic shell (Yin et al., 2009). To demonstrate, the characteristic patterns are not only 
generally related to the ratio between the equatorial and polar radii of the spheroidal structures but 
also correspond to the ratio between Young’s moduli of the external shell and the internal core 
(Figure 2.5b). 
 
Figure 2.6 FEM simulations of a core-shell structure. (a) Isotropic shrinkage; (b) buckyball pattern; (c) 
deformed polygons; (d) labyrinth topography; (e) evolutions of the surface morphologies of spheres 
with different modulus ratios μs/μc (Li et al., 2011c). 
However, dehydrated fruits and grains such as peas and grapes have similar patterns owing to 
shrinkage of the core, which has been studied via theoretical analysis and numerical simulations (Li et 
al., 2011c). According to their research, the dehydration of green peas is divided into several periods 
and is governed by strain energy. Specifically, it has homogeneous shrinkage at the beginning (Figure 
2.6a). Then, a periodic dimple structure appears when the magnitude of shrinkage reaches a critical 
value (Figure 2.6b), which is quite similar to the configuration of a buckyball. As the shrinkage 
increases further, the buckyball pattern develops into peanut-like dimples via squeezing and merging 
(a)
(b)
(c)
(d)
(e)
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(Figure 2.6c), where more elastic strain energy could be released in this pattern. Ultimately, a 
labyrinthine pattern is generated on the spherical surface (Figure 2.6d). 
The underlying principle can be explained by energetic theory. The total energy Ut of a core–shell 
sphere with core radius A and shell thickness H increases as the shrinking factor ḡ of the core 
increases, which could be expressed as 
( )[ ] Ω−−= ∫Ω dApWJU t 1det                                                          (2.33) 
where p is a Lagrangian multiplier; Ω is the initial volume of the sphere. When the shrinkage ḡ 
reaches a critical value, the spherical surface buckles into the configuration, as shown in Figure 2.6b. 
Then, it changes to that shown in Figure 2.6d under the higher shrinkage as a result of energy 
minimization. However, the patterns of buckling have been proven to be related to the modulus ratio 
between the shell and the core, μs/μc (Figure 2.6e). 
With spherical appearances, the shapes of viruses can easily be transformed. To illustrate, several 
viruses that infect humans and animals are protected by spherical shells primarily made of protein 
subunits (Shepherd et al., 2006). Several recent studies have described virus structure, shape, and 
stability by using physical principles. These studies have been of interest to scholars because viruses 
exhibit many features that seem to be untraditional, compared with normal physical systems. Crick 
and Watson first argued that the small size of the viral genome requires identical structural units 
packed together with an icosahedral symmetry (Crick and Watson, 1956). Afterwards, Caspar and 
Klug showed how the proteins in a viral shell could be regarded as icosadeltahedral triangulations of 
the sphere, including pentagon and hexagon units (Caspar et al., 1962). Additionally, viruses with a 
relatively small diameter are generally round, whereas larger ones may have a more angular or faceted 
shape (Reddy et al., 2001). Jack Lidmar argued that the faceting of large viruses is caused by a 
buckling transition associated with 12 isolated points of fivefold symmetry (Lidmar et al., 2003). The 
buckled shape of viruses can be obtained by expanding the radius R(θ, Φ) in spherical harmonics, i.e., 
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and studying the rotationally invariant quadratic invariants allowed for viruses or vesicles with 
icosahedral symmetry as, 
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with l = 0,6,10,12,16,18… (Steinhardt et al., 1981). All buckled objects describable by the theory of 
elastic shells reside on a universal curve parameterised by the value of the Föppl-von Kármán number 
η = YR2/D, where Y is the 2D Young's modulus of the shell, R is the mean radius and D is the 
bending rigidity. Most viruses have either a Föppl-von Kármán number η ≤ 150 or 200 ≤ η ≤ 1500 
(Figure 2.7a). Higher η, describing objects with very sharp corners, cannot be obtained for viruses 
with R ≤ 0.2 mm composed of finite size proteins. However, very high η is possible for spherical 
vesicles with crystalline order composed of much smaller lipid molecules (Dubois et al., 2001). 
 
Figure 2.7 (a) Real space fit to a virus structure. The curve shows the shell of bacteriophage HK97 
from the experimental result. The inset indicates the theoretically calculated shape and the distance of 
the shell from the centre, represented by various colours (Lidmar et al., 2003); (b) the buckled shapes 
(a) (b)
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of a virus’s shell for the Hamiltonian parameters denoted by different volume constraints, where the 
faces are coloured according to their total energy (Šiber, 2006); (c) two natural canonical capsids 
composed of pentamers (dark grey) and hexamers (Mannige and Brooks, 2009). 
It is of interest to examine how the volume enclosed by the shell changes during the buckling 
transition. Antonio Šiber has investigated and summarized the principles. For small FvK (Föppl-von 
Kármán) numbers, the minimal energy shapes are very nearly spherical, whereas for extremely large 
FvK numbers, the shapes are nearly perfect icosahedra (Šiber, 2006). The volume V can be well 
approximated as: 
( ) ( ) 2/3
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where T  is the so-called T number,  which describes the order of a polygonalization and characterizes 
different viruses. For example, the sobemovirus and birnavirus capsids shown in Figure. 2.7b are 
known to be pathogenic primarily in their native T  = 3 and T  = 13 capsid forms, respectively 
(Subramanya et al., 1993, Coulibaly et al., 2005). Additionally, because the shell of virus is generally 
formed as polyhedron, the equilibrium distance between the two neighbouring vertices is denoted as a. 
Figure 2.7c shows buckled shapes for large FvK numbers. The triangular faces in the shapes are 
coloured according to the total energy contained. This was calculated as one half of the energy 
contained in the three edges of a particular triangle. Noted that the distribution of energy changes 
depending on whether the enclosed volume conservation constraint is imposed or not. For 
unconstrained shells, the largest energy is contained in the vicinity of the pentagonal disclinations, 
which was observed in a previous study (Zandi and Reguera, 2005).  
In terms of the soft spherical structures with a cavity, they are widely found as the appearances of 
cells and viruses. For the sake of adapting to the surrounding environment, their skins can buckle and 
collapse under particular stimuli (Figure 2.8a-b) (Quilliet et al., 2008). Understanding the underlying 
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buckling mechanisms underlying is crucial for curing relevant diseases and applications in drug 
delivery.  
Interestingly, Lidmar reported that the buckling shape of this micro structure depends on the 
dimensionless FvK number. There is a critical value of η determined by the ratio between the 
stretching and bending elastic energies of the shell (Lidmar et al., 2003). The FvK number plays a 
significant role in the buckling of capsules, which has also been validated by investigating the 
characteristics and morphogenesis of spherocylindrical and conical shells (Nguyen et al., 2005). 
 
Figure 2.8 (a) Transmission optical microscopy of a colloidal capsule with local buckling owing to 
evaporation of the inner solution; (b) the simulation result of (a) (Quilliet et al., 2008); (c) the 
distribution of mean curvature resulting from wrinkles with increasing internal pressure and various 
indentations (Vella et al., 2011). 
In addition to the above buckling as a consequence of symmetrical loading, the buckling of a capsule 
resulting from a pin load has been studied for decades. Once the force exceeds a critical value, the 
(a)
(b)
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buckling patterns can be observed clearly around the pin, having varied forms according to the elastic 
parameter of the capsule. Based on the theory for an elastic thin shell, not only the material properties 
but also the internal pressure P can determine those patterns (Vella et al., 2011). Initially, a triangular 
pattern appears when P = 0. When the pressure is enhanced, the number of buckles in the sunken 
region will increase, as shown in Figure 2.8c. For an elastic thin shell with radius R, thickness h, and 
Young's modulus E, a dimensionless bending stiffness ξ can be defined as: 
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The buckling wrinkles appear as a triangular pattern n = 3 when ξ < 1. For the state ξ >> 1, the 
wavenumber can be estimated using n ∝ξ1/2; thus, the parameters R, h and E can be derived from the 
appearance of the depression. 
Above all, the buckling behaviour of spherical structures, such as capsules and thin membranes, can 
be studied via theoretical and experimental investigations; this behaviour is of great interest and is 
crucial to measuring the mechanical properties of spherical structures. 
2.3. Origami and kirigami inspired active structures 
Origami and kirigami offer a novel method for producing structures with assembly and morphological 
functions to scholars. Their advantages, including fabricating foldable structures such as airbags, 
reconfigurable structures such as robots and some structures with complex manufacturing (some 
capsules in medicine), are highly favoured by industry. In these applications, self-folding capabilities 
are essential. A structure with this potential ability can easily form into the designed shape without 
external forces. The folding procedure can be obtained through stimuli, including temperature, 
electricity and chemical measurement. The objectives of this section are to illustrate the rules of 
designing foldable structures, demonstrate the achievement of origami- and kirigami-inspired 
configurations, and conclude with a discussion of the challenges in this field. 
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2.3.1. Crease pattern design and determination of folding magnitudes 
As the basic concept of origami, creases are known as the locations of folds on a sheet. These tiny 
configurations determine the direction, magnitude and sequence of the folding operations, which 
affect the ultimate shape to a great extent. Generally, creases are defined by their vertices, which 
divide a structure into several faces. Moreover, a form of a mountain-valley is deployed for 
determination of fold direction. For folds like mountains, two faces beside the crease are rotated 
toward the page, whereas for valley folds, two faces are rotated outwards. Two parameters are used 
for measuring the magnitude of folds: the angle and curvature of the folding line. This section 
considers the crease pattern design, which is related to problems other than those of the active 
material and folding concept. Therefore, the emphasis is to define the final folded state distinctly and 
to identify the crease of the designed shape and the sequence of the folding process, which is subject 
to the failure of materials and limitation of the interface requirement. Despite most designs having 
their limits regarding actual material folding behaviour, such as neglecting the thickness of plates and 
defining an extremely small fold radius, origami still provides a developable method for designing 
folded structures.  
2.3.1.1.  Contribution from software developments 
To address the design problem of self-folding structures mentioned above, this section will discuss the 
software for designing origami structures. Recently, computer programs and FEA tools have been 
used for the analysis and design of active folds. Unfortunately, the tools and methods used to identify 
crease patterns and fold sequencing are not suitable for all of the demands from the applications of 
those complex structures. In terms of fold pattern design, the most popular software is Robert Langʼs 
TreeMaker (Lang, 1996), where the tree method has been demonstrated as the theoretical foundation. 
Defined by the locations of creases, faces and the angles between them, a 2D flat pattern named a 
base can be determined for producing a 3D origami configuration. This software determines the base 
through optimization methods, whose principle is explained by the example shown in Figure 8. 
According to the tree graph, TreeMaker first simplifies the 3D model into several nodes, which 
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clearly express the main component and folding sequence. Afterwards, those nodes are distributed on 
a flat piece of paper, where their locations will determine the final shape. The diameters of the circles 
will determine the length of valley folds. Then, the centres of circles are connected by solid lines, 
which show the exact positions of the mountain folds. With these mountain and valley folding lines, 
the 3D model can easily be produced by folding the 2D pattern (Lang and Hull, 2005). 
 
Figure 2.9 Illustration of the process used to fold Meguroʼs bugs using the tree algorithm (Lang and 
Hull, 2005). 
However, a sheet of material could be transformed into a particular polyhedral surface completely by 
folding, which is regarded as the method for ‘origamizing’ objects. The basic principle can be 
explained as using folds in an initially planar sheet to construct a polyhedral surface with hidden tucks, 
which has been realized by the Origamizer software program (Tachi, 2010b). To create freeform 
foldable structures that can approximate curved surfaces, Tachi summarised the required conditions 
and method. Therefore, models such as cylinders, which include curved surfaces, can be obtained 
from collapsible variations of rigid-foldable surfaces based on the technique combining a freeform 
variation of rigid-foldable and bidirectionally flat-foldable disk surfaces (Tachi, 2010a). Recently, a 
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method to fabricate origami tessellations with given polyhedral surfaces has been proposed, which 
first partitions the desired shape faces and then inserts folded parts between them. Afterwards, the 
configuration is modified by meeting the demand from folding angle limitations and self-intersections 
(Tachi, 2013). This theory is significant, especially for sheets that are unsuitable for 180° folding. 
Based on rigid origami, a simulation program developed by Tachi is capable of generating the folding 
process via calculating the final configuration from the crease pattern (Tachi, 2009). 
 
Figure 2.10 The procedure to obtain a single-panel unfolding from a dome. (a) Initial mesh, (b) 
Spanning tree, (c) Unfolding and (d) Refinement for FEA (Hernandez et al., 2013). 
Unlike the method conducted by Tachi, another theory, based on the reverse progress, has been 
proven to be efficient for origami design. A method to unfold a 3D polygonal shape into a one-piece 
planar surface was introduced by Akleman (Hernandez et al., 2013). The main algorithm involves 
dividing the initial shape into triangles to ensure that all faces are planar. According to the sketch in 
Figure 2.10, the dome is discretised into triangles at the beginning of the process, where an associated 
spanning tree that includes all vertices is also created. Then, the spanning tree is unfolded into 2D 
planar shapes. These planar shapes can be further subdivided into smaller units for importing into 
FEA software, which is identified as the most important advantage. The algorithm has been tested for 
other shapes, such as cubes and polyhedrons.  
(a) (b)
(c) (d)
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There are some other design methods, such as a theory based on topology optimization (Fuchi and 
Diaz, 2013), where a topology optimization method is deployed to find the optimal set of folding 
angles. However, they have not been well developed and are inapplicable to complex 3D structures. 
To summarize, it is expected that a more effective computational method for origami will be 
developed in the future. 
2.3.1.2. Investigation of the behaviour of folded structures 
When researchers consider designing an origami structure with crease patterns, they must be aware of 
whether the structure could be folded into a shape in which dihedral angles are negligible. This is 
generally known as flat-foldability. To ensure the origami structures can be produced from a flat sheet, 
the flat foldability constraints have been applied for designing the folding crease, which could provide 
satisfactory folds. According to the previous literature, the following requirements should be satisfied 
for realising flat-foldability. First, according to Kawasakiʼs theorem, a vertex would be flat-foldable if 
the sum of the angles surrounding the vertex is exactly 180° (Bern and Hayes, 1996). In most 
circumstances, if a mountain-valley assignment appears at each vertex, the crease pattern would be 
locally foldable everywhere. In terms of the binary designation assigned to the faces and separated by 
the creases, the neighbouring faces should be different colours to ensure global flat-foldability. 
Ultimately, none of the faces should experience penetration or collision during the folding process. 
Related to active structures and the potential applicability of buckling, the characteristics of both the 
folding and unfolding of origami structures have been studied for a long time. Known as the famous 
bunch of origami, the kinematics of Miura-ori folding patterns were investigated and revealed to be 
related to a negative Poisson’s ratio for its in-plane deformations and a positive Poisson’s ratio for 
out-plane bending (Schenk and Guest, 2013). The evidence is represented in Figure 2.11, where the 
negative Poisson’s ratios for various folding stages are exhibited. Moreover, considering the 
kinematic compatibility between layers, a folded structure produced by stacking individual folded 
layers is introduced, which could be folded and unfolded uniformly. To further study the folding 
behaviour via a systematic approach, Qiu addressed the fundamental issue of origami packaging by 
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considering the geometry and material properties and developed mathematical models to predict the 
folding characteristics of origami cartons, which is significant for the packaging industry and for 
designing robots with elastic-type origami elements (Qiu et al., 2013). The creases were innovatively 
regarded as torsional springs during folding and were validated by physical tests. 
 
Figure 2.11 The in-plane expansion coefficient of a Miura-ori sheet for different geometries. The 
arrows indicate the primary strain directions (Schenk and Guest, 2013). 
The kinematics of origami linkages are realised in several ways. An eight-bar robotic mechanism 
consisting of links made by folded panels and revolute joints acting through the fold creases is 
promoted because of the distinct performance under different geometric constraints (Qin and Dai, 
2013). However, action origami has been deployed to describe the final folded state of origami 
models, where a classification method based on intersecting folding lines as spherical mechanisms is 
proposed (Bowen et al., 2013a). This classification considers the features of folding patterns, such as 
the linearity of the fold line chains.  
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Figure 2.12 Motion paths to fold an icosahedron and a sphere from single panels (Peraza-Hernandez 
et al., 2014b). 
In terms of the folding sequence, some algorithms program the process to accelerate the formation of 
optimal design via the evolutionary design process. However, a problem named fold planning still has 
not been solved, which is considered for estimating the physical feasibility of folding operations in 
complex configurations. Amato developed a series of motion planning algorithms that are capable of 
obtaining the fold shapes of the sheet (Agha-mohammadi et al., 2011). Furthermore, it ensures that the 
sheet transforms without self-intersection by generating a continuous path. The computational 
efficiency has been improved by Probabilistic Roadmaps (Kavraki et al., 1996), which determine the 
folding paths of an icosahedron and a sphere, as shown in Figure 2.12. 
When the thickness is considered, the folding design will become more complex. Fortunately, there 
are several studies addressing the issue generated by thick sheets. For instance, a method is developed 
that begins from the assumption of a pattern without thickness and adjusts the pattern to fit the impact 
from thickness (Guest and Pellegrino, 1992). Thereafter, the accommodation of thickness in origami 
configurations has been addressed by a mathematical model, including the combination of a thin, 
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foldable layer and a thick, rigid panel, which acts as a hinge located at the creases (McAdams and Li, 
2014). 
Above all, the behaviours of origami inspire researchers to develop advanced structures. Such folding 
processes are not only favoured by manufacturing but also have been found in the evolution of 
creatures. For instance, a folding pattern based on deploying tree leaves is investigated to produce 
deployable surfaces, such as solar sails (De Focatiis and Guest, 2002). 
2.3.2. Self-assembly of single or multi-layer films 
 
Figure 2.13 (a) Different structures of sheets with radially symmetric target metrics (Klein et al., 
2007); (b) tuning of the initial flat shape to obtain a spherical encapsulation, a cubic encapsulation, 
and a triangular encapsulation by liquid (Py et al., 2007b). 
With the deformation resulting from material differences and guidance from pattern design, buckling 
is observed frequently in single-sheet films and multilayer films; this buckling is capable of 
fabricating various shapes. The design of origami and kirigami structures inspires controllable 
buckling processes to create desired patterns. In terms of the single-layer films, the main reason 
(a) (b)
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behind the triggering of the self-assembly process has been determined to be the in-plane 
inhomogeneous deformation at different locations, whereas there are some other cases with different 
triggers, such as the surface tension-powered self-assembly in microstructures. In addition, the 
mismatched deformation between neighbouring layers usually drives the self-assembly process in 
multilayer systems. 
As the typical example of single-layer buckling, the controllable shrinkages at different locations of 
thin flat gel sheets are shown in Figure 2.13a. For shaping locally growing or shrinking elastic sheets, 
the basic principle can be explained as affected by surface metrics and curvature (Klein et al., 2007). 
To minimize the elastic energy, the free sheets tend to form structures following the imposed metric. 
This reveals the possibility of producing 3D structures from the buckling of a single 2D sheet. From a 
different aspect, a planar sheet could also self-assemble by wrapping a drop of water (Py et al., 2007b). 
The main principle can be described as placing a droplet on a thin sheet. As the water volume 
decreases from its initial value because of evaporation, the surface tension of the liquid pulls the 
underlying sheet to cover it. Additionally, it has been proven that the final encapsulated 3D shapes 
can be controlled via tailoring the sheet into various origami patterns. A group of samples is shown in 
Figure 2.13b. For the sake of exploring a novel method to fabricate 3D microstructures, the 
researchers determined the critical length, above which the encapsulation can occur based on the 
balance between interfacial energy and elastic bending energy. More recently, a study based on a 
similar principle was conducted at the nanoscale by deploying molecular dynamics simulations (Patra 
et al., 2009). As demonstrated, a water droplet at the nano scale can drive the self-assembly of some 
nanoscale structures, which is crucial for nano manufacturing. To summarize, the bending and 
stretching ability of a 2D planar thin film under geometrical imperfections or a driving force can 
provide an efficient self-assembly method to create 3D structures at macro/micro scales. 
Owing to the mismatched deformation introduced by different expansion, swelling or contraction 
rates, a similar folding process can occur in those bilayer systems comprising different materials. As 
the pioneer in this field, Schmidt first investigated the self-assembly of thin films into nanotubes 
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driven by misfit strain (Schmidt and Eberl, 2001). Specifically, a bilayer film made of two materials is 
initially constrained on substrates. When the film is released, it buckles and turns into a tube guided 
by the misfit lattice strain between the bilayer. The corresponding sketches are shown in Figure 2.14a. 
As an improvement of this approach, more varieties of 3D microstructures, such as coils and helices, 
have been created via a similar technique (Prinz et al., 2000). However, these methods are only 
applicable for structures with simple geometries, such as tubes and coils. The other limitation is that 
only a material with misfit lattice strain can be deployed.  
 
Figure 2.14 (a) Self-rolling of bilayer films under misfit lattice strain. Folding sequence of 500-µm 
cubes with opposite hinge layer configurations (Schmidt and Eberl, 2001): (b) Cu evaporated onto Cr, 
resulting in a downward folding of the faces, (c) Cr evaporated onto Cu, resulting in an upward 
folding of the cruciform (Leong et al., 2008). 
Fortunately, a self-assembly method to fabricate complex patterned structures, such as cubes, 
pyramids and some other polyhedrons, has recently been introduced (Leong et al., 2008). As shown in 
Figure 2.14b-c, the self-folding is produced by the stress from thermal evaporation of the metal thin 
films, which is the consequence of the mismatch in a bilayer hinge consisting of chromium and 
copper. By controlling the thickness of each layer, a bilayer structure with different coefficients of 
thermal expansion can fold into designed shapes, which is expected to have potential applications in 
drug delivery. 
(a) (b)
(c)
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Figure 2.15 (a) Median longitudinal section of a female cone, where b is a bract scale; sd is a seed; ov 
denotes an ovuliferous scale with a two-layer structure consisting of f (fibres work as the passive layer) 
and s (sclereids work as the active layer) (Dawson et al., 1997b). (b) A floral mimic made of paper–
plastic bilayer petals shows a controllable blooming and wilting response (Reyssat and Mahadevan, 
2009a). 
Moreover, most living systems can rapidly respond to ambient changes because of their multilayer 
components. These abilities allow them to morph in a fascinating manner, fulfilling a variety of roles 
to adapt to a sophisticated environment. For instance, pine cones and their scales, with static 
phyllotactic patterns, are famous for their robust hydro-morphing ability. Controlled by a combination 
of the geometrical system and hydraulic properties of the material, they can readily change their shape 
to protect the seeds from dangerous stimuli. To date, several studies have been conducted that focused 
on exploring the dynamics of the shape change of pine cones at the organ, tissue and cellular levels. 
The mechanism of bending can be explained as the result of different hygroscopic expansions of the 
two layers of scales (Dawson et al., 1997b), the detailed configuration of which is shown in Figure 
2.15a. Reyssat claimed that the curvature along the longitudinal direction of the scales could be 
calculated. As theoretical support, the theory of bimetallic thermostats has been adapted to 
hygrometry sensors as a means to predict the actuation mechanism of pine cone scales, with humidity 
replacing temperature (Reyssat and Mahadevan, 2009a). In this case, a simple, flower-like model, 
(a) (b)
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inspired by the thermo-mechanics of the bimetallic strip, has been fabricated to show a controllable 
blooming and wilting behaviour when submerged in water (Figure 2.15b). 
Inspired by the self-assembly of single- or multi-layer films, dynamically tuneable materials with the 
ability to repeatedly and reversibly respond to environmental stimuli are highly sought after because 
of their promising potential in engineering applications, such as adaptable clothing, climate 
responsive buildings, controlled delivery and soft robotics. 
2.3.3. Fabrication technologies 
To produce active kirigami structures, active laminar materials are usually required. Generally, 
compared to their 3D counterparts, these 2D materials are more readily available and characterized. 
Electroactive polymers have been identified as the most common and suitable materials (Bar-Cohen, 
2004), which include not only bending ionic actuators, such as ionic polymer-metal composites 
(IPMCs) (Tiwari and Garcia, 2011) and conducting polymers (Smela et al., 1995), but also electronic 
actuators, such as dielectric elastomer (DE) actuators (Pelrine et al., 2000). Ionic actuators are 
particularly suited to kirigami structures because of the naturally bending out-of-plane property. 
Additionally, DE actuators actuate in-plane through an expansion resulting from surrounding material. 
In terms of the resolution of deformation to the third dimension of DE actuators, some mechanical 
couplings are essential. For instance, bi-morph or minimum energy structures (Petralia and Wood, 
2010) or membrane buckling (Conn and Rossiter, 2012) are commonly employed. Shape memory 
polymers (SMP) and shape memory alloys (SMA) are also amenable to applications. By being 
fabricated in either a 2D or 3D form, SMPs can deform within or out of plane through simple thermal 
cycling (Liu et al., 2007). SMAs have been used successfully as driving elements for folding and 
origami structures, including programmable matter (Paik et al., 2011) and morphees (Roudaut et al., 
2013). However, because they are required to be connected to a separate laminar substrate, SMAs 
cannot be applied to kirigami directly. The fusion of SMA and SMP technologies provides a possible 
solution, i.e., delivering laminar SMPs with embedded SMAs (Rossiter et al., 2014). Moreover, laser 
cutting of laminar surfaces and 2D and 3D printing of compliant, rigid and active materials have also 
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been regarded as the most suitable fabrication techniques for kirigami. A previous study has shown 
how electroactive polymer actuators can be 3D printed to generate a completely active and compliant 
structure (Rossiter et al., 2009). Laser cutting of SMP sheets in particular can yield novel planar 
structures, including those with auxetic properties. 
Recently, the development of DNA fold-and-cut strategies analogous to kirigami has interested 
scholars owing to the advances in structural DNA nanotechnologies (Han et al., 2010). With respect 
to newer nano materials, kirigami methods could be realized at the nano-scale, which includes the 
application of kirigami to atomic sheets of graphene resulting in 3D programmable graphene 
structures (Feng et al., 2012). 
2.4. Examples of buckling applications  
Based on the above description of buckling and its corresponding theories, it is worthwhile to review 
its interesting applications and show the research trends in this field. Some applications, classified 
based on their structural forms, are illustrated in this section to explain the reason why these buckling-
induced structures have significant advantages to fit their purposes. 
2.4.1. 1D and 2D forms application 
Recently, many studies have explored the application of buckling based on simple forms, such as a 
wire, sheet and membrane. As one of the most famous 1D systems that includes buckling, the Mobius 
strip can be simply produced by a long strip, with one of the ends being twisted and connected to the 
other end. Akin to this system, another twisted strip without any volume change, plastic strain, or 
differential swelling has been proposed (Huang et al., 2012). In this research, an elongating straight 
strip is joined side-by-side with another flat and unstrained strip and then released from the bi-strip 
(Figure 2.16a). This strip, called a hemi-helix, is not the consequence of the non-linear elastic 
behaviour of the elastomers. It can also form with linearly elastic materials, which has been validated 
by simulations. 
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Figure 2.16 The buckling-induced applications with 1D or2D forms. (a) Snapping a simple stretched 
bi-strip of elastomers (Huang et al., 2012). (b) Bidirectional snap-through in a sample of monodomain 
liquid crystal polymer networks (Shankar et al., 2013). (c) Illustration of the working principle of a 
double Flectofin (Lienhard et al., 2011). 
For 2D micro-device design, there is a contactless photo-initiated snap-through system (Figure 2.16b), 
which is arch made by two classes of azobenzene-functionalized polymers (Shankar et al., 2013). The 
ability of these models to respond to light with ultrafast and wireless actuation can help to utilise these 
actuators as the core component in photo-actuated systems, such as active surfaces with planar lattices 
composed of such bistable structures, stacked 3D lattices of these photo-switchable bistable elements 
to create morphing structures or even individual binary switches that can be toggled remotely using 
light. Moreover, bio-inspired concepts and bio-mimetic methods have also been applied in the design 
of 2D buckling-induced structures. For instance, the Venus flytrap can snap its leaves to capture 
insects in a fraction of second (Forterre et al., 2005b); its fast closure ability has inspired a biomimetic 
responsive surface that can snap with transformable curvatures (Holmes and Crosby, 2007). Based on 
this novel actuation mechanism, a hingeless flapping device named Flectofin (Lienhard et al., 2011) 
was developed. Shown in Figure 2.16c, this deployable system for architectural purposes is realised 
by using glass fibre-reinforced polymer (GFRP), which combines high tensile strength with low 
bending stiffness to offer a large range of calibrated elastic deformations. 
(a)
(b)
(c)
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Figure 2.17 The study of wrinkling-induced patterns in natural films. (a) Horizontal views of P. 
aeruginosa colony biofilms (Kempes et al., 2014). (b) The cross-section of a wrinkled E. coli biofilm 
with a layered structure (Serra et al., 2013). 
Surface wrinkles widely exist in both artificial and natural systems. The wrinkling behaviour of a 
system depends on its material properties, geometric configurations, and boundary conditions (Huang 
et al., 2016). Several studies based on surface wrinkles have been reported. Recently, a method for 
producing surface micro-patterns regulated by a hardened skin layer with a periodic stiffness 
distribution on a soft material was proposed; it has been performed to demonstrate potential 
applications (Wang et al., 2016). The hybrid wrinkling patterns created by introducing surface or 
interfacial structures can also be used to gain wide attenuation frequency ranges to control the elastic 
wave propagation (Li et al., 2016).  
Additionally, understanding the wrinkling pattern evolution on the curved surface of soft matter is of 
great importance for understanding the pattern formation in some natural and biological systems 
(Shao et al., 2016). An expanding bacterial biofilm may display topographies featuring macroscopic 
undulations (Figure 2.17a), which often emerge after one day of growth and may decorate the entire 
biofilm surface with additional growth (Kempes et al., 2014). Biofilms often stratify into layered 
structures with different cellular physiology (Zhang et al., 2016). Figure 2.17b shows a five-day-old 
Escherichia coli macrocolony grown on a salt-free LB agar plate (Serra et al., 2013). 
(a) (b)
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2.4.2. 3D forms application 
 
Figure 2.18 The buckling-induced applications with 3D forms. (a) Buckling of a cylinder group 
connected by ligaments (Miller et al., 2010); (b) sequence of progressively deformed shapes of a 
buckliball pressurized using a motorized syringe pump (Shim et al., 2012c); (c) a graphene blister 
with a switchable snap buckling feature (Boddeti et al., 2013). 
In terms of 3D forms of buckling-induced structures, several experimental and numerical tests can be 
used to explore their potential applications. For example, with an increased understanding of energy 
consuming structures, the buckling and post-buckling of cylindrical shells under axial loading have 
been investigated experimentally and numerically for decades. More recently, a group of cylinders 
connected by ligaments has been introduced to act as an energy absorber (Figure 2.18a). These chiral 
and centre-symmetric honeycombs were fabricated, experimentally tested and simulated in FEA. It 
was proven that the buckling loads would be enhanced if an appropriate cellular geometry was 
deployed to produce these hexachiral and tetrachiral honeycombs (Miller et al., 2010). However, the 
buckling behaviours of spherical structures have also been considered. The most famous one is a 
spherical shell patterned with a regular array of circular voids, which could have buckling-induced 
encapsulation (Figure 2.18b). Under a critical internal pressure, the narrow ligaments between the 
voids start to buckle, which leads to this spherical structure shrinking into a smaller ball (Shim et al., 
2012c). Consuming considerable strain energy, the reduction of the total volume of the shell can reach 
(a) (b)
(c)
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up to 54%, which has been improved recently by altering the shape of apertures (Lin et al., 2015). By 
using a technique to minimise the scale of this buckyball, such as projection microstereo lithography, 
hollow particles with a similar mechanism could be fabricated and applied in medicine under various 
stimuli, such as pH, temperature and water content. 
 
Figure 2.19 Examples of micro scale applications of self-folding films. (a) Bright field optical 
microscopy images of self-folding of the star-like-patterned polymer bilayer (Stoychev et al., 2011); 
(b) yeast cells encapsulated inside a fully biodegradable self-rolled film (Zakharchenko et al., 2011); 
(c) sketch of artificial pancreas based on a nanoporous self-folded device: glucose and oxygen (green 
balls) can penetrate through the pores of the folded device with an encapsulated pancreas cell, 
whereas immune components (purple ligaments) are unable to penetrate (Randall et al., 2011). 
In terms of micro scale 3D structures, graphene that can have a sudden snap-through transition 
resulting from its morphology has been recognized (Figure 2.18c). As a monolayer of carbon atoms 
densely packed in a honeycomb crystal lattice, it can be deployed to create functional devices with 
pressure-switchable surface properties (Boddeti et al., 2013). Another field of application of buckling 
is the controlled assembly and release of drugs, particles and cells. To obtain particles and yeast cells 
with reversible encapsulation, Poly (N-isopropylacrylamide)-based self-folding films have been 
reported as an ideal choice (Stoychev et al., 2011). Below a particular temperature, a kirigami-
patterned polymer bilayer will fold into a box, whereas it will unfold above the critical temperature. 
This encapsulation and release process is completely reversible and could be repeated many times 
(c)(a)
(b)
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(Figure 2.19a). To be used for encapsulating cells, fully biodegradable self-folding films made by 
commercially available biodegradable polymers have recently been developed (Figure 2.19b) 
(Zakharchenko et al., 2011). In actuality, some other techniques, such as the microfluidic technique 
and controlled precipitation, could be used for realising this encapsulation behaviour. The advantage 
can be explained as follows: once these self-assembly structures are perforated with holes or apertures, 
small molecules, such as glucose and dissolved oxygen, would be able to pass through the pores, 
whereas other particles with larger bodies, such as antibodies, would be blocked. This type of self-
folded capsule with a size-selective ability is crucial for the transplantation of pancreas cells to avoid 
an immune response (Figure 2.19c) (Randall et al., 2011). 
Overall, the 2D and 3D structures with buckling behaviour have been successfully applied to fabricate 
functional devices ranging from the nano scale to macro scale. Moreover, it has been proven that such 
shell or sheet systems are highly promising for the surface patterning, alignment, encapsulation and 
release of proteins, particles and cells. However, the materials still need to be developed owing to the 
high cost of fabrication and harsh conditions. In this case, they can be applied to sophisticated devices 
and controlled much more easily. 
2.4.3. The design of biomimetic materials 
Biomimetic materials engineering has substantial potential for the development of advanced 
functional and structural materials (Huebsch and Mooney, 2009). Interestingly, these ideal materials 
will be processed using strategies that closely mimic biological systems. Furthermore, the chemical 
composition of biomaterials has been popular for the past few decades. There is growing concern 
regarding other properties, such as topological, mechanical and electrical cues, driven by biological 
responses. The length features of micro-scale biomaterials have significant effects on the reaction of 
cells, which affects the efficacy of drug carriers or vehicles transporting specific cells and tissues in 
the body (Tsapis et al., 2002). Regardless of the chemical composition, the cellular response can be 
dramatically altered depending on the mechanical properties of the biomaterials (Engler et al., 2006). 
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Although the corresponding mechanisms are only beginning to be understood, biomaterials are being 
considered in the study of cell phenotype (Tan et al., 2003). The ability to respond to mechanical 
signals is increasingly providing inspiration for the development of advanced sensor, actuator and 
shape-control material.  
In addition to mechanical cues, environmental factors such as temperature and electromagnetic fields 
are increasingly being used to control the behaviours of biomaterials. For example, hydrogels can be 
designed to change their swelling behaviour in response to temperature (Park and Hoffman, 1992) or 
binding to specific ligands (Podual et al., 2000). However, the physics governing macromolecular 
transport within these materials is still unclear. Recent reports have also claimed that drug delivery 
from biomaterials can be manipulated using remotely applied electromagnetic fields (Kost and Langer, 
2012). The same types of fields can modulate the assembly of scaffolds for tissue engineering 
(Alsberg et al., 2006). Moreover, ion flows caused by electromechanical stimulation have been 
reported to control regeneration (Adams et al., 2007), suggesting that electrochemical signals could be 
used to alter cells by manipulating the biomaterial structure (Lahann et al., 2003). In the future, more 
physical stimuli may be employed as the external fields to mediate biomaterial structures. 
2.4.4. Manufacturing processes for soft biomimetic robots 
As an important industrial application of soft materials, soft biomimetic robots have attracted much 
research. Compared to traditional robots, biomimetic robots are fabricated via casting, laminating or 
using adhesives instead of using bolts and nuts to join the materials. Mimicking the biological 
counterpart, these novel robots have been reported to mimic the wall climbing capabilities of geckos 
(Kim et al., 2007), the wing flapping motion of flies (Wood, 2008), and the crawling motion of worms 
(Menciassi et al., 2004). Note that these robots are different from the biomimetic robots made via 
traditional manufacturing processes. The famous examples are as follows: snake robots (Hirose and 
Mori, 2004), humanoid robots (Park et al., 2007, Sakagami et al., 2002), and robotic fish (Liu et al., 
2006). The process involved in building biomimetic robots is significant. For example, the 
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manufacturing process employed to build the gecko like robot “stickybot” is shape deposition 
manufacturing (SDM), which combines deposition of a material and machining. Moreover, the 
method used to build the micro flying insect (MFI) robot utilizes smart composite microstructures 
(SCM) combined with cutting and lamination (Wood et al., 2008). Consequently, it is easy to 
conclude that developing a new type of manufacturing process plays an important role in developing 
advanced soft biomimetic robots. 
2.5. Concluding remarks 
2.5.1. Research gaps 
Even though a plenty of previous researches have focused on the buckling of films and shell 
structures, their studies of buckling still have drawbacks. On the other hand, the buckling of the 
configurations with complex geometry especially for those structures with curved surface is scarcely 
studied, which has significant implications in the morphogenesis of capsules and cells as discussed 
above. As the aforementioned porous structure named buckliball, which can gradually shrink into a 
smaller ball-like structure at about half of its original size (Shim et al., 2012a). This morphological 
insensitivity to the external load is attributed to the dimples which are completely filled by the 
collapsed ligaments during the retraction. Buckliball is the first morphable structure that enables the 
buckling-relevant failures to be customized for the sake of specific functionalities. It spans a much 
wider spectrum of designing foldable structures such as drug delivery, photonic crystals with tunable 
lensing effects, soft robots, and micro fabrication. However, these potential applications call for 
immediate actions to achieve dramatic contraction in all directions because a larger ratio of volume 
retraction generally indicates a better performance (e.g. allowing the drug capsule passing through 
narrower vessel and robot squeezing into tinier space). There has been considerable effort towards 
improving such a ratio. For instance, as a type of buckliball applications, 3D structures made of soft 
materials and composed of elliptical pores possess a larger volume retraction ratio (Bertoldi et al., 
2010). As another benefit, it was also reported that the structure consisted of the self-repeating 
buckliballs could exhibit extraordinary negative Poisson’s ratio if its volume retraction ratio becomes 
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large enough (Babaee et al., 2013). Additionally, the volume retraction is resulted from buckling and 
post-buckling of the ligaments and thus its ratio depends on the thickness and size of the shell, the 
number of dimples and the properties of constituent material (Couturier et al., 2013). Unfortunately, 
the association of the buckling performance with the dimple geometry has not been completely 
studied yet. Considering the fact that structural optimization, one of the most versatile and robust 
design methods mainly based on shape derivative and topological derivative, has extensively 
illustrated the structural performance and material properties are highly affected by the shape and 
topology of their architectures, it is pivotal to study the role of dimple shape. 
On the other hand, thanks to the rapid development of origami and kirigami, micro and macro 
fabrication of multilevel thin film devices are enabled. Controlled 3D patterning on planar sheets 
could be applied in biomedical engineering, optics, optoelectronics, and display technologies. For 
instance, fairly complex structures like a flapping bird by folding a sandwich-like sheet along 
predesigned veins have been introduced (Na et al., 2015). Instead of folding a flawless sheet along 
some specified creases in the origami approach, kirigami approach relies on the folding of a sheet that 
is perforated into some specified patterns. The presence of apertures allows more flexible control of 
self-folding procedure, therefore enabling programmable fabrication of complex structures including 
buckling-induced deformation. Indeed, the bending behaviour observed in these systems may be 
related to mechanics driven buckling process owing to the mismatched strain between the layers of 
films, where the curvature of the layers play a dominant role on shaping the final appearance of these 
systems. Unfortunately, despite of the fact that the buckling of thin shells is highly sensitive to the 
shell curvature has been considered seriously, there were very few analytical studies on it. To 
illustrate, most of the study only consider the bending along one direction, while the curvature along 
the other direction is neglected. In addition, the study of the buckling mechanisms of a bilayer system 
may enrich the theory of solid mechanics. With governing equations of curvatures, the impact from 
geometrical and material parameters working on these bilayer structures can be quantitated, which 
could effectively guide the mechanical self-assembly patterns.  
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In terms of the natural or biological bilayer system, several studies have been conducted that focused 
on exploring the dynamics of shape change of pine cones at the organ, tissue and cellular levels. The 
hierarchical structures of pine cones have been proved beneficial for the efficient water absorption in 
the scales (Klar, 2002a). Even though the properties of this laminated structure and the journey of 
water in petals of pine cones have been revealed, there is limited statement on the mechanisms and 
reproducing an artificial model with similar hydromorphic principles. The previous research assumed 
that the bilayer can bend in only one direction and results in a bilayer with a uniform curvature. Thus 
only the curvature along the longitudinal direction could be calculated, while the latitude one remains 
unclear. Additionally, the sample used for test had been immersed in water and then dried in ambient 
air to obtain the opening angle of the scale, which was completely unrelated with humidity variation 
and could not be regard as the evidence to support their theoretical analysis of curvature (Reyssat and 
Mahadevan, 2009a). 
2.5.2. Conclusions 
This chapter has been aimed to provide an illustration of the morphological instability and 
applications in soft materials. The corresponding behaviours depend strongly on the geometric 
configuration of the system, where the geometrical patterns and morphological evolution in particular 
configurations including thin films, shells and capsules induced by volumetric alterations have been 
theoretically discussed. A series of the recent advances in the 2D and 3D modeling have also been 
briefly introduced. 
Although remarkable progress has been made in recent years on the modeling of morphological 
instability in soft matter, there remain heaps of significant and interesting problems that deserve 
further experimental and theoretical investigation. First of all, advances in theoretical modeling in this 
field are hindered by a number of mechanical and mathematical complexities. For the kirigami 
patterns, the deformation usually involves both strong geometrical and material nonlinearities, which 
results in difficulty during the theoretical analysis. The deformations after the critical state are 
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incredibly complicated, especially in the case of 3D models, while the conventional methods of 
buckling have difficulties in predicting these evolutions. Apart from the large deformation and 
nonlinear constitutive relations, the post-buckling evolution of soft material often involves multiple 
symmetry-breakings, loading path-dependence, stress singularity, and other complexities. In addition, 
as to the morphogenesis of living systems, a number of chemical and biological mechanisms, which 
couple with the mechanical factors, may contribute to the deformation of soft materials but so far little 
progress has been made in this direction. Systematic investigations on the influence of these 
mechanisms would be of interest not only for understanding the morphological evolution of natural 
systems but also for the diagnosis and treatment of some diseases. Therefore, it is of significance to 
develop more effective methods for studying the buckling and post-buckling behaviour of soft 
materials taking into account the effects of biological–chemical–mechanical coupling, 3D geometry, 
and other influential factors. Finally, it is worth mentioning that much effort has been directed toward 
exploring the applications of mechanism-based techniques for the soft materials with particular 
patterning (e.g., buckliball and tunnel robots), mechanical and physical measurements of material 
properties (e.g., Young's modulus and Poisson's ratio), medical and biological applications (e.g., 
capsules), most of which have not been theoretically discussed. 
Other than the analysis of the curvature of systems, some other important features have been 
overlooked in previous studies regarding the buckling of thin films and shells. For example, the 
plasticity effects and boundary constraints have not been considered sufficiently, which might impede 
applications. By considering the above limitations, various buckling conditions will be introduced in 
future studies, which may find potential applications in the design of micro/macro buckling-induced 
patterns. 
 
 
 
  
 
 
 
Chapter 3 
 
Buckling-induced Retraction of Spherical Shells: A Study on the Shape of 
Aperture 
 
Reconfigurable and reversible devices can rapidly respond to mechanical, thermal, chemical, 
electromagnetic and optical stimuli by changing their shapes and functionalities. Such active 
structures, which are able to adapt the environment, widely exist in nature. As discussed in previous 
chapters, similar shape-invariant retraction of a ball-like structure can be achieved by devising a rigid 
network of struts connected with hinges, e.g. a transforming spherical toy known as Hoberman Twist-
O(Shim et al., 2012a). To avoid taking a complex configuration, researchers have recently developed 
a hinge-free spherical structure made of soft rubber with 24 evenly-distributed circular dimples on its 
external surface. It was found that the thin ligaments separated by the dimples could be buckled and 
rotated when negative pressure was applied inside. Such a porous structure was termed as “buckliball”, 
which can gradually shrink into a smaller ball-like structure at about half of its original size. This 
morphological insensitivity to the external load is attributed to the dimples which are completely shut 
by the collapsed ligaments during the retraction. Full discussions of this amazing phenomena can be 
found from literature(Shim et al., 2012a).  
As the most important measurement of the shrinkage of this porous shell, the volume retraction 
involves intriguing buckling and post-buckling of the ligaments and thus its ratio depends on the 
thickness and size of the shell(Chen et al., 2009, Chen and Yin, 2010, Couturier et al., 2013), the 
number of dimples and the properties of constituent material. Unfortunately, the association of the 
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buckling performance with the dimple geometry has not been under-studied. Considering the fact that 
structural optimization(Bendsoe and Sigmund, 2004, Zhou and Li, 2008), one of the most versatile 
and robust design methods, has been successfully employed to pursue exceptional properties in both 
structural and material levels(Cadman et al., 2013). On the other hand, the topological derivative, 
defined as the first term of the asymptotic expansion of a given shape functional with respect to a 
small parameter that measures the size of singular domain perturbations, is showing its superiority on 
investigating the behaviour of structures such as holes, inclusions, defects, source-terms and cracks. It 
has applications in many different fields such as shape and topology optimization, also including 
three-dimensional linear elasticity problems(Plotnikov and Sokolowski, 2012, Novotny and 
Sokołowski, 2013). Those mathematical theories would be highly beneficial to design the dimple 
shape of buckliball for attaining a larger volume retraction ratio. 
In this chapter, various aperture shapes defined by Gielis’ superformula were explored to seek for a 
larger volume retraction ratio. First, a computational model was created in Finite Element Analysis 
(FEA) package Abaqus for buckling and post-buckling analysis by imposing a velocity field against 
the external shell surface. The performance of different models was compared by imposing the 
dimples to be of the same surface area. Numerical tests demonstrate that both the linearly elastic (LE) 
and neo-Hookean (NH) material models are valid for the constituent material of buckliball for large 
but reversible deformation. Given that energy consumption exhibits a marked indicator to evaluating 
the efficiency of such a local folding mechanism, the bending energy and stretching energy densities 
on the surface of buckliball could be analyzed by the formulae from the linear elasticity theory. It is 
finally identified that the buckliball with rounded-square apertures has the maximum volume 
retraction ratio. This spherical lattice structure was prototyped by using 3D printing technique and an 
experimental procedure was established to verify the buckling-induced retraction in this study. 
3.1. Methodology 
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The buckling and post-buckling behaviors of buckliball that is made of a soft thin-walled spherical 
shell perforated with complex shapes, present significant challenges in analytical studies. Numerical 
modeling and experimental validation are therefore considered effective alternative to investigation 
into a sophisticate relationship between dimple (become an aperture if no membrane is glued inside) 
shape and corresponding buckling-induced deformation. 
3.1.1. The geometry of buckliball 
 
Figure 3.1 The modeling of a buckliball. (a) The schematic of half buckliball; (b) The intersection 
between a cone and a spherical shell; (c) The distribution pattern of cones after being replicated four 
times. 
In terms of the Jitterbug-like transformations(Shim et al., 2012a, Tokudome et al., 2012, Paulose and 
Nelson, 2013), only 6, 12, 24, 30 and 60 apertures are capable of producing desirable buckling 
patterns (Shim et al., 2012b, Verheyen, 1989, Babaee et al., 2013b). Following the previous studies, 
24 apertures are considered in this study, which can be easily extended to the buckliball featured with 
other number of apertures. The original architecture (Figure. 3.1a) consists of a spherical thin-walled 
shell perforated by identical solid cones with apexes at the center of sphere (origin O). The inner and 
outer radii of the shell are r1 = 22.5 mm and r2 = 27.5 mm, respectively. By duplicating and 
reorienting the representative cone (red region in Figure. 3.1b) with respect to origin O three times, a 
pattern of cone distribution shown as in Figure. 3.1c was produced. The angle between the axis of 
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each cone and the line connecting Origin O to point P (the center of a cross-like solid part highlighted 
in light green colour in Figure. 3.1c) is 30.36o. This pattern was duplicated six times to form 24 cones, 
which intersect with the shell to form the expected buckliball (Figure. 3.2a). 
3.1.2. The numerical simulation 
The simulation of buckling and post-buckling process of the buckliball was conducted in 
Abaqus(Shim et al., 2012a), a commercial finite element analysis tool widely used for nonlinear large 
deformation analysis. The abovementioned shell structure was adaptively discretised by 4-node linear 
tetrahedron elements (C3D4) and each node has 6 degrees of freedom. Such a mesh allows the 
buckling and post-buckling are simulated accurately and efficiently (Nguyen‐Thoi et al., 2009). We 
modelled the isotropic rubber material as Neo Hookean elasticity with C10 = G/2 =117,466 Pa and D1 
= 2/κ=3.45×10-7 Pa-1 (G and κ stand for the shear modulus and the bulk modulus, respectively), 
corresponding to Lamé constants λ = 5.64 MPa and μ = 0.48(Nasto and Reis, 2014a). The coefficients 
in such a hyperelastic model were measured in the experiment in the supplementary information. 
Although the non-linearly elastic rubber is generally modelled by NH model, numerical simulation 
summarized in the supplement, together with previous investigation(Nasto and Reis, 2014a), shows 
the use of LE model only slightly perturbs the buckling performance. 
In contrast to previous work in which a layer of membrane is glued on the inner surface to In contrast 
to previous work in which a layer of membrane is glued on the inner surface to produce airtight 
buckliball so that negative pressure can be easily obtained via pumping out the encapsulated air in 
experiment(Shim et al., 2012a), a membrane-free structure that is more akin to the expected 
applications was studied herein. In the numerical simulation an improved volume control method was 
utilized to function as negative pressure. Such an open structure also steers away from the intricate 
contact problems between the membrane and shell. In this method a radial displacement field was 
applied to the external surface which serves as stress perturbation for characterizing buckling mode. 
To avoid rigid body motion, a pin support was specified at the bottom of buckliball (point P in Figure. 
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3.2a) while the leftmost, rightmost points and the vertex are supported by soft springs (Figure. 3.2a). 
Due to prescription of an extremely low stiffness (K = 1 N/m) of the springs, their influence on the 
mechanical responses is negligible. Noted that the number of springs is considered as insufficient (less 
than 3) or redundant (more than 3) as they could result in either unstable or over-constrained 
structures, respectively. The nonlinearity of large deformation was solved by an implicit procedure in 
finite element analysis. 
 
Figure. 3.2 Linear buckling perturbation analysis (a) The boundary conditions; (b) Desired buckling 
pattern (the colors represents the tangent deformation value). 
In addition to material imperfection, the commonly adopted approach in buckling analysis is 
geometric imperfection, whose form and amplitude have to be specified based on certain assumptions 
or preceding knowledge(Hutchinson, 1972). Since the most rational imperfection(Chryssanthopoulos 
et al., 1991) statistically relies on a clunky collection of surveys on the prototyped buckliball, the 
initial geometric imperfections are often assumed to be one of the most influential eigenmode 
shapes(Sadovský et al., 2005). It was found that if the imperfection vector aligns with the direction of 
the post-buckling path, the buckling load of the system will reach its global minimum(Ho, 1974). Of 
these 20 eigenmode-affine shapes obtained from the Lanczos algorithm(Sundar and Bhagavan, 2000) 
in Abaqus, it was found that only the one characterized with the second minimum eigenvalue λ = 
4.644×10-4 is capable of producing the expected buckling pattern shown as in Figure. 3.2b (the 
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red/blue colour represents large/small tangent deformation due to isotropic radial displacement 
imposed on the external surface).  
 
Figure. 3.3 The eigenmode-affine shapes with λ = 4.644×10-4 and: (a) α = 0.01t; (b) α  = 0.05t; (c) α 
= 0.1t; The zoomed in aperture shapes with (d) α = 0.01t; (e) α = 0.05t; (f) α = 0.1t. (t denotes the 
thickness of shell) 
The amplitude of geometric imperfection α has a significant effect on the buckling process as it 
substantially alters the shape of initial aperture and results in eccentricity(Schenk and Schueller, 
2003). In the previous studies(Shim et al., 2012a), Shim et al. concluded that the magnitude should be 
evaluated in accordance with the shell thickness. For the shell thickness t = 5 mm, the buckling of this 
spherical structure is robust and stable as long as α ≤ 0.1t. To conduct the numerical simulations of 
the buckling patterns of the buckliballs, weights of α = 0.01t, α = 0.05t and α = 0.1t were most often 
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adopted to trigger the proper buckling(Shim et al., 2012a). To explore the effect of weight, we also 
tested some smaller values such as α = 0.008t and α = 0.005t. However, an imperfection smaller than 
α = 0.01t could not trigger a desired buckling pattern. Consequently, α = 0.01t was considered to be 
the smallest value to ensure the occurrence of buckling. These buckliballs with geometrical 
imperfection are illustrated in Figures. 3.3a-c and one of their apertures encircled by the red dashed 
curve is correspondingly zoomed in Figures. 3.3d-f. The dark solid lines in Figures. 3.3d-f represent 
the boundaries without geometrical imperfection and the black arrows indicate the deformation 
tendency for the aperture edges. 
In the improved volume control method, a velocity field is imposed on the external shell surface to 
replace the displacement-based stimulus. The relationship of velocity field V with time τ is given as: 
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where T denotes the end time at which the apertures begin to self-contact. The integration of equation 
(3.1) from τ = 0 to T equals to the retraction distance of the external surface in the radial direction. 
Such a velocity definition guarantees nearly zero acceleration at the beginning and the end of the 
simulation(Hanssen et al., 2002). To accommodate the velocity of deformation in simulation, the 
finite element model has a minimum element size (Le) of 0.4 mm, the undamped elastic wave speed 
can be defined as Cd = (E/ρ)1/2, which is about 24.77 m/s. The estimated stability limit (Δτstable = Le/Cd) 
is about 1.6 × 10−5 s. To ensure quasi-static conditions, the minimum time increment should not 
exceed the stability limit during the whole simulation(Ding and Ye, 2006). As a result, such a 
velocity-controlled method enabled us to keep the kinetic energy negligible compared with the strain 
energy and therefore dramatic retraction caused by a large acceleration was avoided. 
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Figure. 3.4 The buckling process of a typical buckliball with the geometric imperfection shown as in 
Figure. 3.3a. (the colors represent the stress) 
The snapshots of the buckling process in Figure. 3.4 clearly show that the volumetric changes are 
entirely yielded by the distortion and rotation of the apertures. In the beginning, the structure exhibits 
a uniform shrinkage. All apertures remain circular shapes in this stage (Figure. 3.4a). Afterwards, the 
apertures deform to ellipses (Figure. 3.4b) and subsequently, they are transformed into peanut-like 
shapes, where their central part gradually becomes narrower and narrower until coming into contact 
(Figures. 3.4c-f). In these deformation stages, the apertures experience severe distortions as they 
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rotate dramatically. Finally the apertures gradually close (Figures. 3.4g-h) and the structure turns into 
a nearly seamless sphere (Figure. 3.4i). 
Without considering the thin layer of membrane, the void volume fraction (the volume ratio between 
the inner cavity and the external sphere with radius r2 = 27.5) is ѱ = 0.59. Considering the fact that 
the buckliball approximately retains a spherical shape in the whole buckling process, the ratio of 
volume retraction Vr is derived as  
( ) 3132
3
1
3
1
1 rr
RrVr ψψ +−
−
=                                                               (3.2) 
where R1 = 13.27 mm is the obtained inner radius of the buckled shell. According to equation (3.2), 
the maximal attainable volume retraction ratio should be Vmax = 59.23%. It is interesting to note that in 
the previous work(Shim et al., 2012a) for a buckliball as shown in Figure 3.1a, Vr = 45.80%. From 
this perspective, more work is in demand to seek a theoretical limit. 
3.1.3. Shape altering of apertures 
To produce larger retraction ratio, the base surface of the cones is not a circle but the shape 
determined by Gielis’ superformula(Gielis, 2003b) in the geometrical modeling. In 2D, the radial 
function of Gielis’ shapes is given as: 
( ) ( )( ) 132 /1/4/sin/4/cos)( nnn bmamr −+= θθθ                                      (3.3) 
where –π≤ θ ≤ π is used to locate the points on the shape by x = r(θ)cos(θ) and y = r(θ)sin(θ) in 
cylindrical coordinate system. The number of rotational symmetries (vertices) of the Gielis’ shape is 
governed by parameter m and the size of shape is determined by factors a and b. The size factors were 
not in use herein as the apertures, regardless of shape, should have the same area as the original circle 
for the sake of comparison. To achieve such an equivalent matching, the size of shape was firstly 
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estimated and then enlarged or reduced to achieve the same area as the original one. A variety of 
shapes can be produced by varying m, n1, n2 and n3 as shown in Figure. 3.5a. It is noted that in 
addition to common shapes such as the conventional square, circular and regular hexagon, complex 
geometries can also be generated. Because complex shapes would be difficult to manufacture, only 
polygon-like (e.g. square, hexagon and octagon) shapes were explored in this study. 
 
Figure. 3.5 The investigation into aperture shape (a) A family of Gielis’ shapes; (b) schematic of an 
expanded Jitterbug-like polyhedron; (c) A folded Jitterbug-like polyhedron; (d) The distance between 
the aperture center and one representative corner. 
3.2. Results and discussion 
3.2.1. Volume retraction basing on shape of apertures 
Figure. 3.6 summarizes the aperture shape (1st column), imperfection mode (2nd column) and final 
deformed shape (3rd column) for three types of buckliball perforated by different cones. In the 3rd 
column, the green part indicates high stress area while blue for low stress area. The volume retraction 
ratio is given in the 4th column. By superimposing eigenmode shape (2nd column) weighted by α = 
0.01t onto the initial structure, expected buckling mode can be produced accordingly. 
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Figure. 3.6 The simulation results of three basic shape apertures. 
Being a prior pattern for buckliball(Kiper, 2010), square apertures naturally form a Jitterbug-like 
polyhedron comprised of 20 squares and 8 triangles and constitute an interesting patterned shell 
(Figure. 3.5b). The movements of its nodes are schematically illustrated by the red arrows in Figure. 
3.5b when this structure is compressed radially. As a result, the light green triangles and pink squares 
rotate counter-clockwisely while the blue squares rotate clockwisely. Theoretically, such a device can 
transform into a smaller polyhedron on which the initial white squares eventually disappear 
(Verheyen, 1989) (Figure. 3.5c). However, a buckliball derived from this model leads to singularity in 
numerical simulation due to the existence of single-point joints (the nodes in Figure. 3.5b). The 
rounded corners of square-like apertures produced by Gielis’ superformula (named Buckliball-B to 
distinguish from the original Buckliball-A with circular apertures in Figure. 3.4a) could avoid such 
unfavorable joints and this newly-developed buckliball (the structure in the first row and the first 
column in Figure. 3.6) largely preserves the same deformation patterns as the ideal Jitterbug-like 
polyhedron does. As a result, the volume retraction ratio is evidently improved from Vr = 45.80% to 
Vr = 49.72%, increasing by 8.65%. In the simulation, this model was discretized into 760,000 finite 
elements and it took about 12 hours on a workstation with 10-core 3.10 GHz processing units to solve. 
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As shown in Figure. 3.6, the buckliballs with the apertures of the hexagon-like (namely Buckliball-C) 
and octagon-like shapes (namely Buckliball-D) were also investigated and the corresponding volume 
retraction ratios is Vr = 48.75% and Vr = 43.53%, respectively. 
The difference in volume retraction ratio of these buckliballs is partially attributable to the distance L 
between the aperture center C and the point on the aperture edges at which the largest deformation 
takes place. From the 4th column in Figure.3.6, it is seen that the maximal deformation occurs at the 
vertices of Buckliball-B and Buckliball-C’s apertures. But for the aperture of Buckliball-D’s, the 
middle points of one pair of the opposite edges generate maximal deformation. The distance is L = 
9.45 mm, L = 9.35 mm and L = 8.00 mm for Buckliball-B, C, and D, respectively. For Buckliball-A, 
the distance is equal to the radius of circle with 8.46 mm. According to the moving tendency 
(illustrated by the black arrows in Figure. 3.5d) of the points for the maximal deformation, larger L 
allows the apertures to be more inhomogeneously distorted and more completely closed. Therefore, 
the Buckliballs-B and C in Figure.3.6 have distinctly larger volume retraction ratios than the 
Buckliball-A. The 3rd row of Buckliball-D has the minimal volume retraction ratio simply because it 
has the shortest distance L = 8.00 mm. A sensible explanation in accordance with the abovementioned 
comparison is that the edges of apertures in some shapes are more likely to be self-contacted, 
prematurely terminating the retraction process before the apertures are completely closed. 
3.2.2. Energy analysis 
Energy consumption in the deformation process was long considered a significant factor to measure 
the deformability of thin shells. Here energy distribution on the external surface was explored using 
Kirchhoff-Love’s theory based mechanics(Wan and Weinitschke, 1988), which bridges the buckling 
and post-buckling performance to volume retraction. If the shell thickness t is less than 10% of its 
radius, the energy consumed in the deformation process can be separated into stretching and bending 
energies, given as(Paulose and Nelson, 2013): 
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where εij denotes the strain tensor and kij = Kij – K0ij represents the change of the curvature tensor. It is 
noted that the initial curvature tensor K0ij is related to the mean curvature K0ij = δij K0 at a surface point 
where a local coordinate system is established in the tangent plane. δij is the Kronecker’s delta. The 
symmetric curvature tensor Kij has two normal curvatures termed as k11 and k22, and the two twist 
curvatures are identical as k12 = k21. Noted the Young’s modulus E and Poisson’s ratio μ used in this 
LE-based material model are extracted from the coefficients in the NH model. 
 
Figure. 3.7. The energy consumption versus the volume retraction ratio for different buckliball 
configurations. 
In order to calculate the stretching energy Es and bending energy Eb, a virtual shell, whose neutral 
surface is the external area of the buckliball was constructed. The thickness of the shell t = 0.45 mm is 
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the average height of the elements on the most external layer of the shell. For this shell, the ratio of 
thickness to radius is less than 0.1 and therefore equations. (3.4-3.5) hold effective and should be 
applicable. To illustrate, the equations (3.4-3.5) were amenable to the first Love approximation(Love, 
2013). This shell theory is based on a set of assumptions, which may be taken in the form of 3 
postulates:  
(1)  Normals to the undeformed middle surface remain normal to the deformed middle surface 
without change in length. 
(2) Transverse normal stress may be neglected in the in-plane stress strain relations. 
(3) The shell is thin so that |ζ/Rk|«1, where ζ is half of the thickness and Rk is the radii of 
curvature.  
For the case of the virtual shell whose neutral surface is the external area of the buckliball, the first 
postulate is easy to be validated. It is because the buckliball is retaining a spherical shell during the 
deformation. The second point can be confirmed by the numerical results from Abaqus. Compared 
with the radii of curvature Rk = 27.5 mm, the half of the thickness ζ = 0.225 mm is quite small thus the 
last requirement is achieved. Above all, equations (3.4-3.5) are applicable in this case. 
As shown in Figure. 3.7, Buckliball-B takes 0.0334 J energy in the whole deformation process, 
evidently smaller than the energy consumption of Buckliball-A (0.1119 J), Buckliball-C (0.0525 J) 
and Buckliball-D (0.1572 J). Such an unusual behavior of energy consumption is in conflict with the 
common sense that large deformation (in terms of high Vr) usually consumes more energy. By 
observing the final appearance of the buckled structure for Buckliball-B and C, it can be seen that the 
stress is largely concentrated on the narrow joints, indicating that rest parts of the buckliball surface 
(e.g. the square and triangle patches on the surface of Buckliball-B) only move rigidly in radial 
direction and rotate in the tangent planes. In contrast, the corresponding regions of Buckliball-A and 
Buckliball-D suffer from substantially high stress and distortion (see the deformation in 3rd row in 
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Figure. 3.6). The energy consumed for deforming these parts makes no much contribution to the 
increase in volume retraction ratio and therefore is not considered effective. 
 
Figure.3.8. The magnitude of energy for the three Buckliball configurations. 
Figure. 3.8. illustrates the strain energy, stretching energy and bending energy distributions on the 
external surface for the buckliballs given in Figure. 3.6. The strain energies of these three buckliballs 
mainly consist of the stretching energy, as the stretching energy is found to be 1,000 times higher than 
the bending energy. In these energy contours, the red parts represent high energy density, while the 
blue parts stand for low energy density. For the stretching energy distribution shown in the second 
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column in Figure. 3.8, the energy of square-like structure in Buckliball-B mainly concentrates in the 
ligaments which undergo significant distortion, while the triangle and square patches consume a small 
amount of stretching energy. It means that the stretching energy has been efficiently utilized for 
triggering the buckling. For the Buckliball-C and D, the highest stretching energy also locates at the 
ligaments. However, it is only slightly higher than the energy in those square patches, which means 
that a large amount of energy is consumed for stretching those parts without much contribution to the 
desired buckling. The bending energy (3rd column in Figure. 3.8) is relatively low and uniform 
compared with the stretching energy, but it becomes high in the severely-deformed regions. 
3.2.3. Comparison of LE and NH material models 
The simulations performed thus far used a LE material model, which closely matches the performance 
of the material in experiments. However, it is in contrast with previous studies in thin shells which 
used both LE and NH material model (Nasto and Reis, 2014b). Toward better understanding the role 
of material nonlinearities in the buckling process, we directly compare the LE and NH cases for this 
model and summarized in this section. However, note that in both cases, geometric nonlinearities are 
taken into account in the FEM simulations. 
A Neo-Hookean model is a hyperelastic material model that can be used for predicting the stress-
strain behavior of materials, and the model is similar to Hooke’s law (Boulanger and Hayes, 2001).  
For general materials, the relationship between applied stress and strain is initially linear, but at a 
certain point the stress-strain curve changes to nonlinear. A Neo-Hookean model is one of the simple 
models and the strain energy density function for an incompressible Neo-Hookean material is as 
follows (Kim et al., 2012): 
( )311 −= ICW                                                                  (3.6) 
where C1 is a material constant, and I1 is the first invariant of the left Cauchy-Green deformation 
tensor. The Neo-Hookean model is based on the statistical thermodynamics of cross-linked polymer 
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chains and is possible to use for rubber-like materials for initial linear range. Cross-linked polymers 
act in a Neo-Hookean manner in the linear states. However, at a certain point, the polymer chains will 
be stretched to the maximum point that the covalent cross links will allow and this will cause a 
dramatic increase in the elastic modulus of the material. It is generally known that Neo-Hookean 
material model does not predict accurate phenomena at large strains. 
Buckliball A B C D 
Elastic 
 
    
Neo-
Hookean 
    
 
Figure.3.9. The strain energy distribution of buckled shells by using LE or NH material model. 
In Figure. 3.9, the FEM snapshots of the strain energy distribution during buckling of the shell model 
for LE and NH material models were presented. At the same stage of buckling, the distributions of 
strain energy in the LE and NH models were qualitatively similar. To further compare the simulations 
with these two methods quantitatively, we used the total strain energy as the measurement (Figure. 
3.10). The quantitative results were nearly identical. Therefore, the formula from linear theory could 
be used here. Note the Young's modulus E = 695,400 Pa and a Poisson's ratio μ = 0.48 were used for 
LE model. 
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Figure. 3.10 Quantitative comparison of Strain energy versus volume retraction ratio between LE and 
NH material models. 
3.2.4. Experiment validation 
To experimentally validate the simulation results, the buckliball-B was fabricated using 3D printing 
technique. Because of the 64% elongation at break (the ratio of deformed length to initial length) and 
0.44 MPa tensile strength, the rubber-like constituent material (FLX9840-DM) was capable of 
withstanding large deformation in the buckling process and was therefore selected as the constituent 
material. 
For the material test, we firstly designed and prepared the model for material testing. The specimen 
structure takes a typical dog-bone shape (Figures. 3.11a-b), where the dimension was carefully 
checked to fit the test equipment (Figure. 3.11c). The specimens were prepared by using 3D printing 
technique with the same material and method as making the Buckliball-B. From the laboratory tests, 
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the average density of these samples was found to be 1,133.48 kg/m3 and the Poisson’s ratio was 0.48. 
To prevent the shoulders of the sample from damage by the grips, each shoulder was protected by two 
aluminum splints. The tests were conducted by moving upward the upper grip at a constant rate of 10 
mm per minute, equivalent to a strain rate 3.335×10-3 per second. The specimen was marked with 
white markers distinguishing from the specimen’s black color. Therefore a video extensometer was 
capable of capturing images of the deforming sample continuously. The stress-strain curve could be 
plotted until the specimen was fractured. The tests were repeated 3 times and the Young’s modulus 
was found to be 695.4 KPa. 
   
(a) (b) (c) 
Figure. 3.11 (a) The major size of the test sample. (b) The appearance of the sample made by 3D 
printing. (c) The machine used for tensile testing: SHIMADZU Compression and Tension Equipment 
(10kN capacity). 
The Objet Connex350, a 3D multi-material printing system, was used to prototype the buckliball 
model as it allows a realistic model to be produced with acceptable accuracies in both geometric 
dimension and mechanical properties(King et al., 2012). The process began with slicing the model 
into a series of closely spaced horizontal planes for the subsequent layer-by-layer printing process. To 
support the constituent material in printing semi-finished regions of the model which were temporally 
unstable, the supporting material (FullCure 705) was printed to fill the void space. It took about two 
hours to produce a cubic in which the buckliball was embedded in the matrix of supporting material. 
Later, the supporting material was melted into water and the buckliball structure was sculptured as 
desired. To trigger buckling more easily and obtain desirable buckling pattern, the prototyped sample 
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size was magnified by 1.8 times with the thickness t = 9 ± 0.1 mm and outer radius r2 = 49.5 ± 0.2 
mm. 
 
Figure. 3.12 Experimental validation (a) A schematic of experimental validation; (b) The snapshots of 
experimental test and numerical simulation during buckling process. 
The most intuitive and direct method of radially compressing the specimen was to impose negative 
pressure against a membrane that is tightly glued on the inner surface. However, such a loading 
procedure resulted in the crumple of membrane which would hinder to retract buckliball. To tackle 
this problem, a new experimental scheme as shown in Figure. 3.12a was established. In order to 
observe the deformation clearly, the prototyped sample was placed into a container made of thin latex 
rubber whose inner surface tightly wrapped the sample in the beginning. After water was poured into 
the container which was connected to a vacuum pump through a conduit, the buckliball expanded and 
restored its original shape. When the pump sucked water from the container, uniform pressure was 
generated on the external surface of the buckliball due to the shrinkage of the container. 
Consequently, the expected buckling pattern was achieved. To avoid tilting of the buckliball, the 
whole system was placed on a frictionless horizontal plate. In addition, the conduit was perpendicular 
to the outlet of the container as shown in Figure. 3.12a. To be consistent with the velocity used in 
numerical simulation, the radial shrinkage of the container was attentively controlled by the pump at a 
constant speed of 12.4 mm/min, equivalent to decrease in the ratio of the outer radius of the shell to its 
original size at a rate of 0.209% per second. The whole deformation process was taken approximately 
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2 minutes and the process was recorded from the front of shell. (The video is provided online) In 
order to account for experimental errors, the test was repeated three times by infilling and sacking the 
water. 
 
Figure. 3.13 Comparison of the experimental and numerical results of the D value versus volume 
retraction ratio. 
It is interesting to make a comparison between physical test and numerical simulation in view of the 
fact that the elusive buckling behaviors are hardly to be predicted precisely. In Figure. 3.12b, the top 
snapshots were captured from the experiment at several successive time points, while the bottom 
images were obtained from simulation at the stages in which the buckliball retracted to the similar 
volume retraction ratios to the experimental counterparts. This comparison illustrates that the 
numerical simulation can be satisfactorily validated by the physical test. The color contours plotted in 
the bottom deformed images in Figure. 3.12b represent the strain energy distribution. It clearly shows 
that the stretching side of ligament undergoes higher strain energy than the bending side, which agrees 
with the experimental observation. 
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Additionally, to further quantify the difference between the simulation and the test, the deformed 
experimental configurations taken by camera were imported into AutoCAD and analyzed by digital 
image processing technique. With this method, the movements of the opposite corners approaching to 
each other during the test (marked as the red points in Figure. 3.12b) could be tracked. The schematic 
definition of the distance D = 2L between the red points was estimated by measuring its projected 
length; while the diameter of the shell was estimated by measuring its projected area. Thereafter, the 
quantitative variations of D during the processes of experimental test and numerical simulation were 
compared in Figure. 3.13, in which the error bars represent the standard deviation of D in the 
experiment. It is seen that in terms of D value, two sets of data denoted by red and dark curves are 
quite close to each other and the maximum difference is only 5.88%. Figure. 3.13 also reveals the 
diameter D decreases almost linearly from 18.57 mm to 2.38 mm when the volume retraction ratio 
increases from 0 to nearly 50%. The experiment and simulation also shows that the inner aperture 
closed when D reduced to 2 mm, early than outer one attributable to the certain shell thickness. 
3.2.5. Thermal-controlled buckliball 
 
Figure. 3.14 (a) The sketch of the thermal-sensitive buckliball. The passive (external) layer is marked 
by blue colour, while the active (inner) layer is represented by yellow colour; (b) The appearance of 
buckled model at 60 °C, the colors represent the stress. 
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For the sake of exploring the possibility of generating a thermal sensitive buckliball, which would be 
crucial for the self-folding configuration in the next chapter, here we create a buckliball with the same 
geometry but consisted by two materials shown as Figure. 3.14a. The external layer marked as blue 
colour is FLX9840-DM, the same rubber-like material deployed in the above study (E1 = 695.4 KPa). 
This layer (thickness t1 = 2.5mm) would be acted as the passive layer in the thermal-controlled 
buckling progress because of the negligible thermal expansion coefficient (α1 = 0). As an 
aforementioned thermal sensitive material, N-isopropylacrylamide (PNIPAM) (E2 = 800 KPa, α2 = -
0.005) is suitable to be deployed as the active material, which consist the inner layer (t2 = 2.5mm). 
Without any geometrical imprecation, the whole model is exposed in the thermal field, where the 
temperature increases linearly from 0 °C to 60 °C. In the simulation, this model was discretized into 
140,000 finite elements, which is an 8-node linear brick element (C3D8R). All the surfaces are 
assumed as frictionless and the value of kinetic energy is controlled below 1% of the internal energy 
during the progress. After 2 hours processing on the workstation with 20-core 3.10 GHz processing 
units, the buckled configuration is represented as Figure. 3.14b. 
Figure. 3.14b clearly shows the final state of this thermal controlled system. As the temperature 
enhanced, the inner layer keeps shrinking, which drives the whole shell contracts inwards into a 
smaller ball. Similarly as the pressure-controlled system, the stress distribution here is also uneven on 
the external surface. Those ligaments which trigger the buckling are identified as containing large 
stress and strain energy. For the sake of investigating the effect from ratio between passive and active 
layers’ thicknesses, we have change the ratio of t1/ t2 with constraining the total thickness t = 5mm. In 
this case, a group of models (t1/ t2 = 0.25, 0.67 and 1) have been processed for the similar numerical 
simulations, where the relationship between volume retraction ratios and temperature is concluded in 
Figure. 3.15. 
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Figure. 3.15 The volume retraction ratios versus temperature variations for thermal-sensitive 
buckliballs with different bilayer thickness ratios t1/ t2 = 0.25 (model colored by dark and light red), 
0.67 (model colored by dark and light green) and 1(model colored by dark and light blue). 
As shown in Figure. 3.15, all of three buckliball with different t1/ t2 can reduce their volume as the 
temperature increasing. Different from the buckliball with single layer, the deformation has a 
significant buckling stage, which is resulted by absence of geometrical imperfections. At the early 
stage before the buckling occurs, the volume retraction ratio of buckliball slightly rises, which keeps a 
steady and nonlinear rate. In this stage, the buckliball just declines its radius as well as keeps those 
apertures at circular state. However, when the temperature reaches a critical value T*, Vr could 
sharply climb to the value which is quite close to the final result, where the apertures start to turn into 
ellipses (represented as the snap shots) and ultimately close like Figures. 3.4g. The volume retraction 
ratios of these three buckliball range from 46% to 47%. Being coincident with the original model (Vr 
= 45.80%), the results prove that the volume retraction ratio is mainly determined by the void volume 
fraction (here ѱ = 0.59). Additionally, the critical temperatures T*of these models are not equal in 
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value. It is generally because the thicker active layer can drive the shrinkage much easier. Therefore, 
when t1/ t2 = 0.25, the deformation responding to heat is much more significant (red line) than the 
other models (green and blue lines). In terms of the critical temperatures T*, the red model can buckle 
at the lower temperature (T* = 39.0 °C), compared with the green one (T* = 42.7 °C) and the blue one 
(T* = 51.6 °C).  
3.3. Conclusion 
In this chapter we have studied how to simulate the buckling-induced retraction of buckliballs made 
of soft materials of ligaments that are separated by the different apertures on the spherical shell. A 
velocity-controlled technique with nearly zero acceleration during the simulation was developed to 
replace the previous pressure control method adopted in literature in order to avoid dramatic retraction 
rate and maintain the quasi-static conditions.  
It was found that the most desirable buckling mode which can be used to define geometric 
imperfection for the buckliball is the eigenmode shape corresponding to the second eigenvalue. This 
imperfection aligns with the direction of the post-buckling path, which helps the buckling load of the 
model reach its global minimum. It also allowed predicting a desirable buckling mode obtained in the 
physical experiment.  
This study also explored what aperture shape could generate higher volume retraction ratio. It was 
found that the volume retraction ratio of the buckliball with rounded square apertures achieved the 
highest volume retraction ratio (49.72%) in a series of geometric variations. This method proposed a 
new framework for seeking the optimal aperture from a variety of complex shapes defined by Gielis’ 
superformula. The further studies are expected to seek the maximum volume retraction ratio and/or 
minimum energy consumption for the given materials and weight. 
It was noted that the difference in volume retraction ratio was closely related to the distance between 
the aperture center and the points on the aperture edges that undergo the largest deformation. 
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Generally, a longer distance allows the apertures to be more inhomogeneously distorted during 
deformation and more completely closed in the end.  
Based on the analysis on the energy consumption in the deformation process, it was found that for the 
buckliball with the maximal volume retraction ratio, the stress was concentrated on the joints while 
the rest of buckliball surface only undergo rigid motion in the radial direction and rotate in the 
tangential directions to the external surface. It was shown that the stretching energy was 1,000 times 
higher than the bending energy. Therefore it can be concluded that the stretching dominates the 
buckling process in terms of energy consumption.  
It was found that the material nonlinearities are not particularly apparent for the reversible large 
deformation and both the NH and LE material constitutive rules are applicable for modeling the 
material properties in the simulation. The buckliball with the maximal volume retraction ratio was 
fabricated with additive manufacturing (3D printing) technique. An effective experimental scheme 
was developed, by which the numerical simulation can be validated. 
For the sake of investigating the possibility of deploying thermal-sensitive material to fabricate self-
assembly buckligami configuration, the buckliballs with circular apertures conducted by two kinds of 
materials with different thicknesses ratios t1/ t2 have completed the numerical simulations. It is clearly 
known that the thicker active layer could produce the buckling easily, while the volume retraction 
ratio keeps constant as it is mainly determined by the void volume fraction ѱ. 
Overall this study established a fundamental framework to simulate, optimize and validate the 
buckling and post-buckling performance for a soft shell-like structure. The parametric and topological 
design allows to control buckling mode, thereby tailoring the structure for desirable deformation and 
energy absorption. Such buckliball structures are potentially useful for development of novel drug 
delivery systems, arterial stents, deployable structures and soft robots. 
 
 
 
  
 
 
 
Chapter 4 
 
A Kirigami Approach to Forming a Synthetic Buckliball 
 
Nowadays, the inability to rapidly and precisely fabricating highly sophisticated structures at micron- 
and nano-scale has considerably impeded their applications (Peraza-Hernandez et al., 2014a). 
Recently, an alternative approach has been developed via folding planar sheets (panels) with 
prescribed features such as ridges and grooves into sophisticated 3D objects (Lang and Hull, 2005). 
Since these sheets can be quickly fabricated with unprecedented fabrication precision using 
lithographic techniques (Maune et al., 2010) and its self-folding procedure can spontaneously occur in 
a parallel manner, this approach is particularly attractive for assembling complex structures efficiently 
and economically, and has potential to overcome fabrication difficulties at small scales (Chalapat et 
al., 2013). 
Such a technique of fabricating 3D objects from planar sheets is known as origami approach, a 
traditional art of paper-folding which is popular in China and Japan. Origami approach has been 
developed to produce fairly complex structures such as a flapping bird by folding a sandwich-like 
sheet along predesigned veins (Na et al., 2015), and a periodic structure consisting of extruded cubes 
which can be actively deformed into numerous specific shapes through embedded actuation 
(Overvelde et al., 2016). Additionally, to realize the design rules required for origami-based structure, 
novel techniques such as direct ink writing exhibits attractive features (Ahn et al., 2010). Instead of 
folding a flawless sheet along some specified creases in the origami approach, kirigami method 
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signifies an alternative approach to form 3D structure from a patterned planar sheet, which relies on 
the folding of a sheet that is perforated into some specific patterns. The presence of apertures allows 
more flexible control of self-folding procedure, therefore enabling programmable fabrication of 
complex structures. 
Kirigami approach is demonstrated in nature in the formation of curled leaves of some tropical plants 
(Jazebi, 2012). It was lately exploited to fabricate biomimetic robotics through utilizing the active 
response of electroactive polymers and shape memory polymers (Rossiter and Sareh, 2014). 
Buckling-induced deformation was used in the kirigami approach to fabricate diverse 3D membrane 
architectures by releasing pre-strained stretchable substrate on which a thin layer of metal was cut into 
the predefined patterns (Zhang et al., 2015). More recently, researchers have identified multilevel 
hierarchal patterns as a way to transform the sheet into many desirable programmed shapes (Cho et 
al., 2014, Erb et al., 2013). In the kirigami approach, the diversity of cutting patterns greatly expands 
the design space and therefore it is worthy of further investigation. This approach is expected to be 
capable of fabricating synthetic materials or devices for a range of novel applications, such as drug 
delivery (Fernandes and Gracias, 2012), soft robot (Baisch and Wood, 2013), optical metamaterial 
(Cho et al., 2011), solar cell (Guo et al., 2009) and untethered microsurgical tools (Gultepe et al., 
2013), which will lead to immense scientific and economic benefits. 
This chapter aims to employ the kirigami approach for producing the buckligami configuration in the 
previous section, which can easily shrink into an enclosed ball-like structure which occupies nearly 
half of its original space. Due to such specified geometry, this model involves a much more 
complicated configuration than previous studies (Ionov, 2011, Cho et al., 2014, Rossiter and Sareh, 
2014, Zhang et al., 2015, Erb et al., 2013). This chapter focuses on the response of patterned planar 
sheet to thermal stimulus, which would be more applicable in bionics and medical science than 
electrical stimulus and mechanical force. The sheet will undergo two major deformation steps: (1) the 
sheet bends homogenously during which the principal curvatures at any point are predominantly equal 
in all direction. Unlike to existing self-folding structures, the buckling in this step is strictly prohibited 
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otherwise the shell will not bend into a spherical structure but present saddle-like shapes and curled 
edges; (2) Buckling-induced deformation becomes dominant in the subsequent retraction of the 
buckliball formed in the previous step. Buckling is one of the most important factors in the kirigami 
approach and subsequent morphing process. Yet, precise buckling control remains challenging for the 
kirigami approach primarily due to the inherent coupling between different components. 
The planar sheet is composed of two polymer layers as such a soft material can rapidly respond to 
thermal stimuli and bear external osmotic pressure. The material distribution in the 2D design domain 
of a planar sheet directly determines its out-of-plane deformation and should be purposely patterned. 
To obtain such a perquisite kirigami pattern, the buckliball is firstly divided into several equal parts 
before flattened into a plane. By minimizing the potential strain energy over the sheet, the relationship 
between principal curvatures and temperature can be established and computationally verified. The 
creation of a buckliball from the folding of a patterned sheet and its subsequent buckling-induced 
retraction are numerically simulated in Abaqus via finite element analysis. The influence of sheet 
pattern on the folding procedure is investigated by testing configurational diversity including the hole-
free petals and petals dotted with circular apertures. 
4.1. Methodology 
4.1.1. The geometry of the model 
Without loss of generality, the size of the target buckliball (Figure. 4.1a) is dimensionless and its 
external and internal radii are 33 and 31 units, respectively. The aperture has a rounded-square shape 
in which the distance between opposite vertices is 22. To obtain a buckliball with a large volume 
retraction ratio, a 2D pattern is firstly generated using a superformula which can generate a plenty of 
complex shapes (Lin et al., 2015). Compared with circular apertures, the volume retraction ration of a 
buckliball with round squared apertures can be improved by 8.65% (Lin et al., 2015). Because the 
shape transformation is inherently reversible, an intuitive manner to obtain the planar pattern of a 3D 
object is unfolding it (An et al., 2011). Lately, an algorithm was developed to design the folding 
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creases for the art of origami (Hawkes et al., 2010, Tachi, 2009). Unfortunately, this algorithm is 
inapplicable to the design of kirigami. To address this problem, the unfolding procedure of the model 
in Figure. 4.1a is split into two steps: partition and disassembling. As the buckliball dotted by evenly-
distributed apertures is geometrically analogical to a tetrahexahedron featured with a hole on each 
face, it is straightforward to split it into 24 identical parts as shown in Figure. 4.1a. The base cell, or a 
1/24 part of the buckliball, is composed of one aperture and four curved triangle parts (denoted by two 
similar green triangles, one pink triangle, and one cyan triangle). 
4.1.2. Strategic pattern design 
 
Figure 4.1. (a) The partition of a buckliball with rounded square apertures into 1/8 and 1/24 parts; (b) 
1/24 of a buckliball; (c) 1/8 of a buckliball; (d) 1/4 of the pattern; (e) The zoomed-in joint in (d); (f) 
The pattern is divided into red, green and cyan regions in accordance with bending performance. 
Folding 2D nets to 3D polyhedrons along the shortest paths (geodesics) in the configuration space is 
one of the two geometric principles for the design of self-foldable structures (Pandey et al., 2011). 
While this principle is effective for the thermal-responsive sheets whose bending is restricted to the 
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hinge-like creases in the origami approach (Malachowski et al., 2014), it is unsuitable for the bending 
resulted from material swelling/shrinking over entire domain in the kirigami approach. To obtain a 
strategic pattern so that the soft material can bend in much the same way as a squid stretches its 
tentacles, the base cell should be firstly squeezed into a sheet by strengthening the arc length of all 
edges, forming a flat polyhedral face in Figure. 4.1b. 
It is helpful to make the 2D pattern doubly symmetric as this will lead to symmetrical folding which is 
beneficial to effectively reduce potential mismatches (Tolley et al., 2014). Therefore, three pieces of a 
polyhedral face in Figure. 4.1b are firstly united by sharing the edges of cyan parts, constructing a part 
featured with 3-fold rotational symmetry (Figure. 4.1c). To achieve bilateral symmetry, two parts in 
Figure. 4.1c are further connected at the vertexes of the green triangles (Figure. 4.1d). Because such 
vertexes are liable to induce numerical singularity in finite element analysis, these single-nodal joints 
are artificially eliminated by filling materials into their adjacent areas, which is zoomed-in in Figure. 
4.1e. By rotating the pattern in Figure. 4.1d three times by 90°, 180° and 270° about its leftmost 
vertex, three similar petals are obtained. The combination of them, therefore, forms a squarely 
symmetric pattern featured with a span of 203.01 in horizontal and vertical directions (Figure. 4.1f). 
4.2. Results and discussion 
4.2.1. Theory of curvature variation 
In addition to the pattern, the self-folding process depends on other factors such as material properties, 
type of stimulus and layer thickness. For simplicity, this study is limited to a bilayer polymer sheet 
whose bending is attributed to the disparity of thermal expansion coefficients in the top and bottom 
layers. To illustrate the nature of bending, we consider a shell with total thickness h = h1 + h2. The 
bottom active layer and the top passive layer are tightly bonded and their thicknesses are h1 and h2, 
respectively (shown in the lower-right inset of Figure. 4.2). The thickness ratio of the bottom layer to 
top layer is fixed as h1:h2 = 3:1. To obtain a spherical shell as Figure. 4.1a, the longitudinal principal 
curvature κy and transverse principal curvature κx are used to investigate the shape of such a bilayer 
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sheet undergoing deformation. The direction of these two curvatures is added in Figure. 4.1f. To allow 
the buckliball is produced, it must have κx = κy in the self-folding process. Now that the pattern has 
been predetermined, the left geometrical parameter which could affect the self-folding is the layer 
thickness. 
Prior to theoretical analysis, numerical simulation (explained in the next section) is conducted to 
investigate the role of thickness in self-folding progress. It reveals that there are three major stages in 
the folding of the patterned sheet in Figure. 4.1f if its thickness is as small as h = 0.2. Since the ratio 
of shell thickness to its out-of-plane deformation is relatively small, the folding is subjected to pure 
linear deformation and, therefore, it is governed by classic thin-shell theory in Stage 1. In Stage 2, the 
transverse displacements and rotations become relatively large compared with the vertical 
displacement, thus nonlinear deformation is dominant and the increase of principal curvatures become 
nonlinear with respect to temperature increase. Nevertheless, the longitudinal principal curvature κy 
and transverse principal curvatures κx remain the same in Stage 2 as in Stage 1. As a result, the shell 
can form a spherical surface in the first two stages as shown in the upper-left and upper-middle insets 
in Figure. 4.2. However, the spherical surface will become a saddle shape and the petal edges are 
curled in Stage 3 (shown in the upper-right inset in Figure. 4.2) when the temperature reaches a 
critical point denoted by the red star in Figure. 4.2. In Stage 3, the petals bend more severe along 
transverse direction than longitudinal direction, resulting curled edges widely existing in nature. For 
instance, many leaves present such a shape when exposed to dry climate for long time (Liang and 
Mahadevan, 2009b). Unlike our approach in which the thermal stimulus serves as the driving force, 
the evaporation of water is the reason of curled leaves. But both of them allow the potential strain 
energy approaching to the minimal point (Masters and Salamon, 1993). 
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Figure 4.2. The relationship between the principal curvatures and temperature (In Stage 1 and Stage 2, 
κx = κy. Beyond the critical temperature marked by a red star, longitudinal and transverse principal 
curvatures deviate in Stage 3. The above three insets illustrate the typical bending states; the lower-
right inset shows the thickness of layers and the coordinate system). 
The previous theoretical analysis of such a folding procedure was mainly limited to material 
properties such as Poisson’s ratio, Young’s modulus and thermal expansion coefficient (Ionov, 2011) 
and some simple geometrical parameters e.g. layer thickness (HeeáLee and Stephen, 2011). However, 
the sheet pattern, as far as we have known, has not been explored before. As the primary promise of 
the kirigami approach is attributed to the diversity of shell pattern, it is necessary to analyze 
theoretically this approach which is analogous to many naturally-occurring shape transformations. 
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Figure 4.3. The perspective views of a deformed sheet with similar pattern but in thickness (a) h = 1 
and (b) h = 2; (c) the cross-sectional profiles of the deformed sheet in h = 0.2, h = 1 and h = 2. 
To avoid unexpected folding like saddle-like shapes and curled edges shown as in Figure. 4.2, we 
investigate the dependence of bending mode on the thickness and find two distinct bending modes as 
shown in Figure. 4.3. When h = 1, the shell folds into an ellipse-like object (the upper-left picture in 
Figure. 4.3) but the four petals cannot be merged due to a geometric constraint of these four petals 
that are originally specified for a sphere. Keeping on increasing the total thickness to h = 2, a 
buckliball is gradually taken into a shape as shown in Figure. 4.3b. Figure. 4.3c illustrates the cross-
sectional profile (x-z plane) of the folded shell in the abovementioned cases. When the thickness is 
small (h = 0.2), the cross-sectional profile (solid pink curve) is approximately part of a circle with a 
big radius. But its buckling deformation at the petal edges is not reflected. With the increase in the 
thickness, the cross section bends more severely and finally converges to a circle (red dotted shape in 
Figure. 4.3). 
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4.2.2. Derivation of the governing equations 
The above simulations schematically reveal the implication of shell thickness to the self-folding 
modes. Whereafter, several attempts of simulation for the planar sheet in different thickness clearly 
indicate that a critical temperature exists in the folding progress, beyond which κx and κy bifurcate. In 
case temperature is confined to a limited region, the self-folding of this planar sheet can be controlled 
by adjusting its thickness. Correspondingly, a critical thickness similar to critical temperature can be 
found. To obtain these critical values, we minimize the potential energy of sheet perforated into 
specified pattern. 
At any point, three components (u1, u2 and u3 in x, y and z-axes respectively) of the displacement on 
the neutral plane of the plate is assumed as (Bower, 2009). 
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where x, y and z are the coordinates of this point in a Cartesian coordinate system, Ai and Bi are the 
parameters to be determined. This assumption is based on classical Kirchhoff plate theory (Masters 
and Salamon, 1993) To illustrate, the mid-plane strain εx, εy and mid-plane shear stain γxy could be 
defined by the following equations: 
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In equation. (4.1), u3 is assumed as u3 = κxx2/2+ κyy2/2, which indicates four possibilities: (1) a 
spherical shape with κx = κy; (2) a saddle shape with κxκy < 0; (3) an ellipsoidal shape with κx < κy and 
κxκy > 0, and (4) an ellipsoidal shape with κx > κy and κxκy > 0. With the assumption that εx is a 
function of y, εy is a function of x and the mid-plane shear stain γxy = 0, the in-plane deformations u1 
and u2 in equation. (4.1) can be obtained as: 
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where C1 and C2 are constants. In this case, the assumption of equation. (4.1) is obtained. 
The total strain εαβ (α, β = 1 or 2) can be formulated as: 
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The stain energy density per thickness Uti (i = 1, 2 denotes the component in each layer) can be 
represented as: 
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where Ei and αi denote the Young’s modulus and thermal expansion coefficient of each layer, 
respectively. Udi is the density of strain energy depending on material properties (Ei, αi). Note that in 
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equation. (4.5) the Cartesian coordinate system has been converted to a polar coordinate system 
through x = rcosθ and y = rsinθ. Udi is the density of strain energy which is given by 
( ) miidi TEU αβαβ εσα ∑= 2
1,,                                                    (4.6) 
For a plane stress deformation, some components of the stress σ are zero such as σ33 = σ23 = σ13 = 0, 
then the stress-strain relation is simplified as: 
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where μ the Poisson’s ratio, α the coefficient of expansion, E the Young’s modulus. Temperature T is 
assumed as an invariant variable over the sheet thought it could be a space-dependent value has the 
form of T(x, y, z). In accordance with equation. (4.6), the energy density Udi relies on stress σ which is 
a function of temperature T. The strain due to mechanical loading, known as elastic strain εmαβ (α,β 
could be 1 or 2), is given by: 
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According to equation. (4.6-4.8), the strain energy density Udi in equation. (4.5) could be obtained as 
 
 
Chapter 4                                                                                                                                             103 















−+−++
++−−−−−+
++−+−−−+
+++−−−+
−+++−+−
−−−++++−
−−−+++−
+−+++−
=
)2/()))1/()()1/())2/)(
)2/)(((())1/()()1/()))2/)(
)2/)(((((())(1/()()1/())
2/)()2/)(((((()2/()))1/()(
)1/()))2/)()2/)(((((
))1/()()1/())2/)()2/)((
((())(1/()()1/()))2/)()2/)((
((((()1/())2/)()2/)((((
22
2222
222
222
2222
2222
2222
2
iiiiyx
yxiiiiyx
yxiiiiii
yxyxiiiii
yxyxiii
iiiyxyx
iiiiyxyx
iiiyxyxi
di
ETETy
CyCyTETEy
CyCyTTETET
yCyCyTEETE
yCyCyTTE
TETyCyCy
TETEyCyCy
TTExyCxyCxyE
U
µαµαµκκ
κκαµαµκκ
κκαµαµµαµαµ
κκκκαµα
µκκκκαµα
µαµαµκκκκ
αµµαµκκκκ
αµαµκκκκ
            (4.9)
 
where C is a constant. 
Therefore, the density of strain energy Udi in equation. (4.5) could be solved. In terms of the aperture, 
which shape could be determined by the Gielis’ superformula (Gielis, 2003b) as: 
( ) ( )( ) 132 /11 /4/sin/4/cos)( nnn bmamwr −+= θθθ                        (4.10) 
where the parameters are given as a = b = 0, m = 4, n1 = 150, n2 = n3 = 100, w = 18. Considering the 
sophistication of using equation. (4.10) in subsequent derivation, the aperture edge is divided into 4 
elliptic arcs, each of them can be further simplified. If the origin of the polar coordinate system is 
located at the center of the base cell, the inner boundaries of the base cell can be divided into 4 elliptic 
arcs (marked as purple curves in the left of Figure. 4.4) with an expression as: 
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Similarly, the external boundaries r2 (consisted of 8 straight lines) can be expressed as: 
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However, to calculate the strain energy density over the sheet, it is necessary to consider the 
coordinate translation and rotation. For instance, if the origin of the local coordinate system moves to 
a point (for instance P4 in Figure. 4.4), the relationship between the global coordinate (r, θ) with the 
origin at lowest point of an upright petal and the local coordinate (r’, θ’) originated at point Pi(rpi, θpi)  
(i = 1, ..., 6 denotes the sequence of the base cells in the petal) is given as: 
( )pipipi rrrrr θθ −++= 'cos'2' 22                                             (4.13) 
( ) ( )[ ] ( ) ( )[ ]( ) ipipipipi rrrr αθθθθθ −++= cos'cos'sin'sin'arctan             (4.14) 
where αi is the rotation angle of the base cell with respect to the global coordinate. Because the petal 
showed in Figure. 4.4 is composed of six identical base cells, the strain energy density over it can be 
calculated with the consideration of coordinate translation and coordinate rotation in equations. (4.13-
4.14). The centers of six base cells and their rotation angle are given in Table 4.1 as: 
Table 4.1: The coordinate and rotation angle of the six base cells in an upright petal. 
 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 
rpi 84.42 65.20 65.20 39.16 39.16 17.08 
θpi 4.712 4.893 4.531 4.409 5.016 4.712 
αi 0 2.094 4.189 1.047 5.236 3.142 
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Note that the angle unit is radian. The strain energy density for other petals is similar to the upright 
petal owing to square symmetry. 
 
Figure. 4.4. The global and local coordinate systems in an upright petal. 
Due to small thickness relative to other dimensions, the sheet can be considered as a plate which has 
similar deformation in z direction. Therefore, the strain energy U can be obtained by integrating the 
stain energy density Uti in z direction given as: 
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The strain energy in equation. (4.15) relies on the integration domain in equation. (4.5). Because the 
partial derivative of the total energy with respect to the unknown parameter Ai and Bi should be equal 
to zero, namely ∂U/∂Ai = 0, ∂U/∂Bi = 0, Ai, Bi can be calculated accordingly. When Ai, Bi are 
determined, the partial derivatives of the total energy with respect to two principal curvatures can be 
also obtained (A general expression of the total strain energy U for complex structures is obtained, see 
the symbol calculation by MATLAB in Appendix A). By letting ∂U/∂κx = 0 and ∂U/∂κy = 0, we 
obtain: 
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00103.079.064.27609 222 =−++ Thhh yxyx κκκκ                          (4.16) 
00103.079.064.27609 222 =−++ Thhh xyyx κκκκ                          (4.17) 
Note that in the derivation some parameters are given as h1 = 0.75h, Poisson’s ratio μ = 0.3, α1 = 0, α2 
= -0.005/°C, E1 = 3MPa and E2 = 0.8MPa (see the description in the next section). With the 
elimination of temperature T in equation. (4.16) and equation. (4.17), a simplified expression can be 
obtained as: 
( )( ) 04113 2 =−− hyxyx κκκκ                                          (4.18) 
The two solutions of this equation, specifically κx = κy and 4113κxκy = h2, reveal two explicit 
equilibrium states. The first illustrates that the two principal curvatures must be strictly the same as 
demonstrated in Stage 1 and Stage 2 in Figure. 4.2. While the second solution implies that the product 
of the two principal curvatures is a constant in terms of the thickness. As shown in Figure. 4.2, the 
two principal curvatures deviate in Stage 3; and the bifurcation point must satisfy both of these two 
solutions. Therefore, a critical curvature can be obtained as 
13.64/* hyx === κκκ                                               (4.19) 
This equation indicates that the critical curvature is linear with respect to the sheet thickness. 
Substituting critical curvature into equation. (4.16), a critical temperature is given as:  
2* 99.7 hT =                                                             (4.20) 
This expression of the critical temperature indicates that the thinner the sheet, the lower the critical 
temperature. For the final temperature T = 45.2°C in the previous computational tests, the critical 
thickness is h* = 1.78. Therefore for any patterned sheet thinner than this critical value, it is unable to 
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self-fold into a perfect spherical configuration as these two principal curvatures would deviate in 
Stage 3 (κx > κy). On the other hand, for the sheet thicker than h*, the folding are limited in Stages 1 
and 2 (κx = κy) and then a buckliball can be created. To further verify the critical curvature κ* in 
equation. (4.19) and the critical temperature T* in equation. (4.20), several representative thicknesses 
(h = 0.2, 0.5, 0.8, 1, 1.2, 1.5, and 1.8) of the patterned sheet are tested computationally. The critical 
curvatures (blue squares) and critical temperature (blue stars) of these samples are graphed in Figure. 
4.5. Apparently, their differences to the theoretical analysis (red solid line and blue dashed line) are 
fairly small. 
 
Figure 4.5. The critical curvatures and temperature versus the thickness (The red squares and solid 
line represent the critical curvatures obtained from simulation and theoretical analysis, respectively; 
The blue stars and dashed line denote the critical temperatures obtained from simulation and 
theoretical analysis, respectively). 
4.2.3. Numerical simulation results 
To validate the critical thickness obtained from theoretical analysis and gain more insights into the 
deformation of the patterned sheet, the kirigami approach to forming a buckliball from the planar 
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patterned sheet with a thickness of h = 2 > h* and consequent buckling-induced retraction is simulated 
by finite element method. All the examples in this and above sections are subjected to the same 
experimental conditions. In the family of stimulus-responsive hydrogels, the temperature-sensitive 
hydrogel poly (N-isopropylacrylamide, abbreviated as PNIPAM) is selected as the active material in 
the top layer as it is thermal hypersensitive and can work at normal temperature (Karg et al., 2006). 
The Young’s modulus and thermal expansion coefficient of PNIPAM are 0.8 MPa and -0.005/°C, 
respectively (Na et al., 2015). The passive material in the bottom layer is a polymer which has 3 MPa 
Young’s modulus. Its thermal expansion coefficient is negligible compared with that of the active 
material in the top layer. As the operational temperature of PNIPAM ranges from 20°C to 55°C (Na et 
al., 2015), the temperature rises linearly within this range. 
Abaqus is used for the nonlinear finite element analysis, in which the model is discretized into C3D8R 
(8-node linear brick with reduced integration) element. To eliminate the friction, the top and bottom 
faces of the sheet is assumed to be very smooth. However, the lateral faces have to be rough otherwise 
they would peel off after getting into touch during the bending procedure. Gravity force is taken into 
account as it hinders the bending and subsequently influences the final configuration (Guo et al., 
2013). To avoid rigid body motion and unsymmetrical deformation, the center point of the pattern is 
pinned. The nonlinear finite element simulation takes about 2-3 hours for the whole self-folding and 
retraction processes. 
The initial state of the sheet at 20°C is depicted in Figure. 4.6a. With the increase of temperature, the 
active layer (top) shrinks while the passive polymer layer (bottom) keeps its volume. Such a 
responsive disparity makes the sheet bend upward (Figure. 4.6b-d). In the beginning, each group 
(Figure. 4.1c) of these three base cells bends in relation to its center and forms part of large spherical 
surface as shown in Figure. 4.6b. After that, bending mainly occurs at the weak junctions (e.g. seen in 
Figure. 4.1e) and presents four curved petals in Figure. 4.6c. Finally, the vertices of 4 petals merge 
precisely and a buckliball (Figure. 4.6d) is obtained at 45.2°C.  
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In the self-folding progress, some apertures squash up to in horizontal direction while others in 
vertical direction. However, the structure still exhibit rotational symmetry as it stands for the mode 
with minimal strain energy, namely the one with the smallest eigenvalue. Unfortunately, such 
symmetry in other potential modes is broken. In the mode with the second smallest eigenvalue, the 
buckliball deforms into an ellipsoid whose equator swells outwards. In the modes with the third and 
fourth smallest eigenvalues, the buckle merely take place in specified locations such as the two poles 
of the buckliball, leading to severely deformed apertures.  
Since the critical temperature is as high as T* = 52°C for the thickness of h = 2, the entire procedure is 
completely confined to Stage 1 and Stage 2. Thus the unexpected buckling-induced saddle-shape and 
curled edges are avoided. The average external radius of this buckliball is 33.28, only 0.86% larger 
than the expectation (Figure. 4.1a). Thus we can claim that the kirigami approach well meets the 
fabrication expectation. 
To illustrate the retraction of the buckliball, the radially inward displacement ur is applied uniformly 
against its external surface. Its maximal value has been strictly calculated to avoid serious distortions. 
By increasing the displacement linearly while maintaining the temperature at 45.2°C, the narrow 
ligaments of the buckliball begin to buckle (Figure. 4.6f). With the material rotation at the buckling 
points, the initially square-like apertures deform into diamond shapes (Figure. 4.6g) and its size 
becomes smaller progressively until completely squeezed (Figure. 4.6h). To avoid sophisticated 
interactions, the simulation is terminated when the aperture boundaries begin to contact. In the final 
state, the buckliball becomes a nearly-enclosed ball, in which the volume retraction ratio reaches 
57.34%, which is very close to the theoretical limit 59.23%. Note that the peak stress appears in the 
junction region of the buckliball from the contour seen in Figure. 4.6.  
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Figure 4.6. The folding procedure of a planar sheet (h = 2) at (a) 20.0°C, (b) 32.6°C, (c) 41.0°C and 
(d) 45.2°C; The buckling of this folded sheet under radial-inward displacement (e) ur = 0; (f) ur = 0.7; 
(g) ur = 3.1; and (h) ur = 8.7 (ur is uniformly distributed against the external surface and its 
magnitudes are intuitively represented by the length of red arrows. Noted that the color represents 
stress magnitude). 
The processes of self-folding and volume retraction are reversible. If the radial-inward displacement 
ur is reduced from 8.7 to 0 linearly, the buckliball will expands into the state in Figure. 4.6e. With the 
a b
c d
e f
g h
Ur=0.7
Ur=8.7Ur=3.1
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decrease of temperature, the enclosed buckliball gradually open and finally become flat as shown in 
Figure. 4.6a. 
4.2.4. The influence of the kirigami pattern 
The critical temperature is highly dependent on the shape of the perforated holes. By changing the 
shape of the internal holes in the pattern showed in Figure. 4.6a, we investigate the self-folding for a 
sheet with circular holes and without perforation for the sake of further investigating the influence of 
the pattern of the self-folding procedure. To maintain the same volume, the circle radius is R = 10 for 
the first case. With similar coordinate translation and rotation progress, the total strain energy U 
becomes 
( ) ( ) dzdrrdEUdzdrrdEUU
h
h
r
R
d
h r
R
d ∫ ∫ ∫∫ ∫ ∫ +=
1
21 2 2
0
222
0
2
0
111 ,, θαθα
ππ
                        (4.21) 
By letting ∂U/∂κx = 0 and ∂U/∂κy = 0, we obtain: 
00109.081.072.27934 222 =−++ Thhh yxyx κκκκ                          (4.22) 
00109.081.072.27934 222 =−++ Thhh xyyx κκκκ                          (4.23) 
Eliminating the temperature T in equations. (4.22-4.23) gets a simplified expression:  
( )( ) 04153 2 =−− hyxyx κκκκ                                            (4.24) 
Then the critical curvature can similarly be calculated as: 
44.64/* hyx === κκκ                                                 (4.25) 
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By substituted equation. (4.25) into equation. (4.22), the curvature components are eliminated to 
yield:  
2* 75.7 hT =                                                           (4.26) 
Equations. (4.25-4.26) shows the notable difference for the critical curvature and critical temperature 
when the aperture shape changes from cornered square to circle thought they have the same area. The 
influence of pattern becomes more remarkable in Stage 3. The disparity of longitudinal principal 
curvature and transverse principal for the sheet with a circular aperture is much larger than the one 
with cornered square. The reason could be attributed to the thinner ligament (junctions) will form in 
the later one at which more energy is absorbed, making the main parts undergo relatively mild 
deformation and, therefore, less disparity in principal curvatures. 
In order to obtain an explicit expression for the dependence of curvature on temperature, we conduct 
the following dimensionless analysis. For T < 7.75h2 (κx = κy), the dimensionless curvature is defined 
asκ1 = 64.44κx/h = 64.44κy/h and it allows 0<κ1 <1. While a dimensionless temperature can be 
similarly defined as ( )275.7/ hTT = . Substitutedκ1 into equation. (4.22), the relationship betweenκ1 
andT is found as: 
1
3
1 649.0351.0 κκ +=T                                                    (4.27) 
or 
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For T > 7.75h2 in which two principal curvatures begin to deviate, the dimensionless curvature is 
adopted asκ2 = h/64.44κx = 64.44κy/h. Substitutedκ2 into equation. (4.22), the relationship 
betweenκ2 andT is found as: 
( ) ( )
( )



−−=
−+=
+=
2/12
2
2/12
2
22
1
1
/15.0
TT
TT
orT
b
a
κ
κ
κκ                                      (4.29) 
When thickness h = 0.2, equation. (4.28) can be plotted as the dashed black line in Figure. 4.7. Its 
difference to numerical results (red dots) is very small. Thus, the theoretical analysis is further 
verified. 
 
Figure. 4.7. The relationship between dimensionless principal curvatures and dimensionless 
temperature for the petals with a circular pattern.  
For the case of the pattern without apertures (which corresponding to R = 0 for circular aperture), all 
the parameters are invariant except for the internal boundaries r1 = 0. Therefore, the strain energy 
density per thickness becomes 
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( ) ( ) dzdrrdEUdzdrrdEUU
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Then the two equations about κi can be similarly obtained as 
00251.091.173.511802 222 =−++ Thhh yxyx κκκκ                 (4.31) 
00251.091.173.511802 222 =−++ Thhh xyyx κκκκ                 (4.32) 
Eliminating the temperature from above equations we obtain a simplified expression:  
( )( ) 03089 2 =−− hyxyx κκκκ                                         (4.33) 
The critical curvature can be calculated similarly as: 
58.55/* hyx === κκκ                                               (4.34) 
Similarly to the previous step, eliminating the curvature to get the critical temperature as:  
2* 22.8 hT =                                                            (4.35) 
Compared with equation. (4.26), the critical temperature for the hole-free pattern considerably 
increases if the sheet thickness remains. It is consistent with the general understanding of more 
material in later case requires higher energy to reach the critical point. 
In terms of the same critical temperature 45.2°C, the sheet with the hole-free pattern has the critical 
thickness h* = 1.75 to produce a perfect spherical configuration, which is smaller than the one (h* = 
1.78) in the original model. 
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For T < 8.22h2, the structure bends with two equal principal curvatures. The dimensionless curvature 
is adopted asκ1 = 55.58κx/h = 55.58κy/h (0< κ1 <1), while a dimensionless temperature can be 
similarly defined asT = T/(8.22h2). Substitutingκ1 into equation. (4.31), the relationship betweenκ1 
andT is found as: 
1
3
1 667.0333.0 κκ +=T                                                  (4.36) 
or 
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Figure. 4.8. The relationship between dimensionless principal curvatures and dimensionless 
temperature for the petals with the hole-free pattern.  
For T > 8.22h2, the structure has two unequal principal curvatures asκ2 = h/55.58κx = 55.58κy/h.  
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Similarly, when thickness h = 0.2, equation. (4.36) is plotted and verified by numerical simulation in 
Figure. 4.8. In this case, the theoretical prediction (dashed black line) and numerical results (red 
marks) match very well in Stage1 and Stage 2. However, the disparity of theoretical principal 
curvature is slightly smaller than the numerical results. The reason could be explained by the 
artificially broadened junctions in Figure. 4.1e which are not considered in theoretical analysis but 
they indeed weak the magnitude of self-folding in numerical simulation. 
4.3. Conclusion 
In this chapter, we propose and develop a kirigami approach to the creation of highly sophisticated 3D 
structures via the self-folding of a bilayer patterned planar sheet. The approach is inspired by the 
shape transformation of some biological systems and the well-understood shape control of soft 
matters.  
By partitioning and flattening a buckliball, we can devise a planar pattern for a sheet comprised of 
two layers of temperature-sensitive and temperature-insensitive hydrogels. By minimizing the 
potential strain energy of the system, we find the longitudinal and transverse principal curvatures 
respond to the increase of temperature through 3 stages: (1) uniform and linear deformation; (2) 
identical but nonlinear deformation; (3) bifurcated and reversely proportional deformation. It is 
concluded that the spherical self-folding process can be achieved as long as the sheet thickness is 
above the critical value, thereby limiting the deformation to the first two stages. 
Theoretical analysis is verified by the finite element simulation. The simulation indicates that the self-
folding mode is highly dependent on the sheet thickness. It is also shown that the self-folding process 
can be altered by changing the sheet pattern. In addition, the buckling-induced retraction of the 
buckliball derived from the kirigami approach is simulated. Importantly, the methodology 
demonstrated in this study signifies the utilization of buckling of structure.  
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Although a buckliball is given as a representative example in the paper, this kirigami approach is 
capable of fabricate more complex structures if they can be partitioned and disassembled in the same 
manner as the buckliball. Hierarchal pattern could be an alternative to create complex structure and 
will be studied in future. The minimal energy method used for revealing the critical thickness and 
critical temperature is applicable to arbitrary pattern as long as the surface integration in equation. 
(4.5) is obtained. The self-folding of planar sheet under stimulus other than temperature can be 
investigated in the same methodology and will be conducted in future for other applications. In the 
future, some physical validation will be designed to test the performance of this structure. Further 
studies may explore the applications in the areas of biological morphogenesis, micro-robotics and 
biomedical devices. 
 
 
 
  
 
 
 
Chapter 5 
 
On the Shape Transformation of Cone Scales 
 
Many biological systems can rapidly respond to ambient changes by morphing their shapes in a 
fascinating manner (Forterre et al., 2005a, Py et al., 2007a, Reyssat and Mahadevan, 2009b, Dawson 
et al., 1997a, Habrouk et al., 1999, Studart and Erb, 2014). This ability allows them to adapt to the 
changing environment and to maintain their life. For instance, the Venus flytrap can snap its leaves to 
capture by-passing insects in hundreds of milliseconds (Forterre et al., 2005a). The petals of some 
flowers can close completely to form an air-tight dry cavity when floating on water surface (Py et al., 
2007a). To elicit stresses and trigger desired morphological changes, some plant organs can swell or 
shrink differentially. For a gradually dehydrated green pea (Li et al., 2011c) and the chiral growth of 
towel gourd tendrils (Wang et al., 2013), they share the same shape transformation mechanism as the 
scale of pine cones, namely the mismatch responses to humid stimulus among/between the regions 
with non-uniform physical and chemical properties or physiological behaviors. Noted that unlike the 
self-folding of a bilayer structure for pine scales, the deformation of peas is driven by the surface 
buckling which is explained by the volumetric growth theory of finite deformation. Whereas, the 
swelling and deswelling of towel gourd tendrils are attributed to the complicated chirality transfer and 
deformation through interaction with its constituent elements at lower levels. 
The pine cones covered with a static phyllotactic pattern of scales are well-known for their robust 
hydro-morphing ability (Reyssat and Mahadevan, 2009b). Thanks to the humidity sensitive 
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constituent materials in a bilayer structure (Dawson et al., 1997a), pine cones could flexibly transform 
their shape from opening state to closing state to protect the seeds from dangerous stimuli (Habrouk et 
al., 1999). These transformable structures are highly appreciable in many fields as they may be of 
important applications such as self-folding devices (Shenoy and Gracias, 2012), adaptable clothing 
(Arora et al., 2006), climate responsive buildings (Tyagi et al., 2009), controlled delivery (Cho et al., 
2010, Lin et al., 2015) and soft robotics (Songmuang et al., 2007), and so on. 
Previous studies on the shape transformation of pine cones have been concerned mainly with the 
dynamical changes at the organ, tissue and cellular levels. It was found that the hierarchical structures 
enable efficient water absorption in the scales of pine cones (Song et al., 2015). Therefore, the 
bending of the scales was attributed to the inner water transformation resulted from the disparity of 
hygroscopic expansion in two layers (Dawson et al., 1997a). But an effective model in accordance 
with the hydromorphic principles has not been established yet. Later, the theory of bimetallic 
thermostats originally used for hygrometry sensors (Timoshenko, 1925) has been adapted to predict 
the response of the scales to humidity change, in which a simple, flower-like model inspired by the 
thermo-mechanics of the bimetallic strip was fabricated to illustrate a controllable blooming and 
wilting function when it is immersed in water (Reyssat and Mahadevan, 2009b). Because 
unidirectional bending is assumed in this bilayer structure, only longitudinal curvature could be 
predicted while the latitudinal one remains unclear (Ionov, 2012). As a result, this structure always 
bends into a spherical shape rather than scroll-like shape commonly existing in the opened pine cones. 
Additionally, the test was not completely related to the humidity stimulus as the samples were dried in 
air after immersed in water. As a result, the experimental data in relation to such parameters as the 
opening angle of the scale cannot be well explained in the theoretical analysis (Dawson et al., 1997a). 
To gain new insight into inherent characteristics of such a biological shape transformation and further 
the study on the deformable structures in the previous chapter, this chapter explores the opening and 
closing mechanism of a pine cone by a theoretical analysis based on the Föppl-von Kármán plate 
theory and computational simulation. The scales of a typical pine cone have a similar shape but 
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different sizes, covering on the external surface in a Fibonacci spiral configuration (Stewart, 2007). 
The shape transformation is driven by the out-of-plane deformations of the scales due to different 
swelling rates in hydrophilic and hydrophobic layers. A numerical simulation based on finite element 
analysis in Abaqus (Hibbett et al., 1998) is conducted to gain preliminary understandings of the 
response of the pine cone to the rise of humidity before the theoretical analysis is carried out. Both 
numerical simulation and theoretical analysis suggest that a scale bends into a spherical shape when 
the humidity is below a critical value, beyond which a scroll-like shape will be attained to present 
different principal curvatures in longitudinal directions and transverse direction. Experimental 
measurements match well with the theoretical and numerical predictions. 
5.1. Methodology 
5.1.1. The geometrical configuration 
To extract a sensible geometrical model for the numerical simulation, we strip away as many of the 
biological complexities of a pine cone as possible and restrict our attention on the fundamental 
shapes. With the observation on a pine cone (Figure. 5.1a) collected in Melbourne, Australia, we find 
there are four types of scales with similar shape but different size. The undeformed scale is assumed 
as a planar plate and it is composed of sclerid layer (black region in the Figure. 5.1b) and 
sclerenchyma layer (a bundles of fibres represented by brown). The thicknesses of these two layers 
are represented as h1 and h2 (Figure. 5.1b) respectively. Without loss of generality, the thickness ratio 
is fixed as h1: h2 = 3:7. The sizes of four scales in a petal-like shape are given as: 1) length 2L1 = 30 
mm and thickness h = h1 + h2= 1.1 mm (Figure. 5.1b); 2) 2L1 = 26 mm and h = 0.9 mm; 3) 2L1 = 
22mm h = 0.8 mm; 4) 2L1 = 16mm and h = 0.5 mm, respectively. The ratio of width to length L1:L2 
= 5:3 is fixed for all scales. 
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Figure. 5.1 (a) The top view of a pine cone with opened scales; (b) A schematic of the scale and its 
sclerid layer (black) and fibre (brown) layer. 
5.1.2. The building of numerical model 
Figure. 5.2a shows the geometrical configuration of an unfolded pine cone. Its peduncle is simplified 
as a hollow tube with a hexagonal cross section. In terms of the famous Fibonacci spiral configuration 
(Stewart, 2007), the scales are arranged in the anticlockwise “sinister” form (Klar, 2002b) (Figure. 
5.1a). If the model is established based on this pattern resulted from cellular differentiation, the total 
amount of scales would reach a few hundreds (Li et al., 2007), making numerical simulation 
unrealistic. Therefore, an alternative model is proposed with the assumption of a peduncle in 80mm 
length divided into 40 equal segments. Then the base group of eight scales are encircling counter-
clockwisely around the peduncle by successively increasing the vertical location by 2mm and rotation 
angle by 45o for each member (see the inset in Figure. 5.2a). The abovementioned process repeats 
four times to build up a set of 32 scales by locating the first scale of the base group 4mm higher than 
the one in previous group. To obtain the spindle-like pine cone with 5×32 scales as shown in the 
perspective view in Figure. 5.2a, the sizes of scales are changed from bottom to top. To distinguish 
them, we use red and blue colors to represent the largest and the smallest scales, while the 
intermediately-sized scales are represented by yellow and green colors in Figure. 5.2a. 
20 mm
h1h2
2L12L2
(a) (b)
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Figure. 5.2 (a) The opening state and (b) The closing state of the pine cone in the numerical 
simulation. 
The disparity in material properties of this bilayer structure is large (Dawson et al., 1997a). The 
sclerid, known as the moisture sensitive hydrogel or active layer, has low stiffness with Young’s 
modulus E1 = 1GPa and significant hygroscopic expansion coefficient α1 = 0.002 for 1% change in 
relative humidity at 23 °C. While the passive layer and peduncle consist of a bundle of fibres with 
large stiffness E2 = 5GPa and negligible hygroscopic expansion coefficient α2 = 0. 
The deformation is simulated by finite element analysis in Abaqus, in which the model is discretized 
into a total of 162,540 C3D8R (8-node linear brick with reduced integration) elements. To avoid rigid 
displacement and unsymmetrical deformation, the peduncle is fixed at its bottom surface. Gravity is 
taken into account as it hinders the bending and therefore influences the final deformed configurations 
(Guo et al., 2013). While 20 processors have been working in parallel in the computation, it still took 
4 hours to simulate the bending of the pine cone. The relative humidity P = H – H0 (H is the current 
humidity and H0 represents the humidity at which the pine cone is completely opened) is used to 
indicate the ambient humidity which ranges from 10% to 80% in the bending process of the scales at 
23°C (Witztum and Schulgasser, 1995). When the relative humidity linearly increases from 0% to 
24%, the pine cone is semi-closed and the scales clearly present typical bending shapes (Figure. 5.2b). 
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With the rise of humidity, the sclerids rapidly expand while the fibres retain their volume, which 
makes the scales bend upward (Figure. 5.2b). When the humidity goes down, the scales bend 
downward accordingly. While such reversible motions superficially explain the opening and closure 
of the pine cone, the inherent questions remain to be answered. For instance, the numerical simulation 
shows that middle and bottom scales bend along its longitudinal and transverse directions 
simultaneously, forming a spherical shape (Figure. 5.2b). While the top scales only bends in the 
longitudinal direction and looks like scrolls. Moreover, the dependence of the bending on the 
humidity is still unclear. 
5.2. Results and discussion 
5.2.1. Theoretical analysis basing on the Föppl–von Kármán plate theory 
To gain a deep understanding in such complex motions, we use the Föppl–von Kármán plate theory 
(Mansfield, 2005) to analyze the bending of the scale as it can be represented as a naturally flat, 
stress-free, thin and elastic plate (bottom of Figure. 5.3). Like the model in numerical simulation, this 
plate has a length of 2L1 and a width of 2L2, and is settled in the x-y plane. The thicknesses of the top 
and bottom layers of the plate are along the z-axis, denoted as h1 and h2 as in the numerical model. 
 
Figure. 5.3 The sketches of a rectangular plate before (bottom) and after (top) the deformation. 
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The compatibility equation generated by the Föppl-von Kármán plate theory can be written as (Liang 
and Mahadevan, 2009a): 
( )PWWW
E
ακ
224 ],[
2
11
∇−∇−−=Φ∇                                     (5.1) 
where Φ is the Airy stress function, ∇4(Φ) = ∂4(Φ)/∂x4+ ∂4(Φ)/∂y4+2∂4(Φ)/∂x2∂y2, while ∂4(Φ)/∂x2∂y2 
= 0 here. E is the average Young’s modulus (E1h1+E2h2)/h, and α is the average humidity expansion 
coefficient (α1h1+α2h2)/h. The modified Laplace operator ∇κ2(…) = κy∂2(…)/∂x2+ κx∂2(…)/∂y2, where 
κx, κy are the longitudinal and transversal principal curvatures, respectively. The inner product [W, W] 
is equal to 2(∂2W/∂x2∂2W/∂y2-(∂2W/∂x∂y)2). The relative humidity P is independent of x and y in this 
study, thus ∇2(αP) = ∂2(αP)/∂x2+ ∂2(αP)/∂y2 = 0. Note that the curvature is assumed to be positive 
when the plate bends upwards. 
The out-of-plane displacement W is assumed as: 
22
2
1
2
1 yxW yx κκ −−=                                                     (5.2) 
In accordance with equations. (5.1) and (5.2), and the Föppl-von Kármán equation is simplified as: 
yxyyyyxxxx E κκ=Φ+Φ ,,                                                   (5.3) 
Integrating equation. (5.3) about x, we obtain: 
1, CxE yxxxx +=Φ κκ                                                   (5.4) 
where C1 is a constant. Then integrating equation. (5.4) about x and considering the boundaries: 
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 +=Φ κκ                                     (5.5) 
Due to the symmetry, Φ,xx is equal when x = ± L1, thus C1 = 0. Integrating equation. (5.3) about x 
twice, we obtain: 
2
2
, 2
1 CxE yxxx +=Φ κκ                                              (5.6) 
where C2 is a constant. Then integrating equation. (5.6) about x and considering the boundaries: 
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Notice Φ,xx = Nyy/h is the stress along y axis. Since the boundary condition of plate is free, the left term 
in equation is zero. Then we obtain C2 and the expression of Φ,xx. Similarly, the expression of Φ,yy is 
also obtained: 
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The balance of global torque along x and y axes requires (Liang and Mahadevan, 2009a) : 
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where the bending moment 
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where μ is Poisson’s ratio, parameter D is Eh3/12(1-μ2) and αθ equals 12/h2∫(z-z*)αPdz. The location 
of the neutral surface is obtained as z* = ∫zEidz/∫Eidz. 
By solving equations. (5.11) and (5.12), two equations about κx and κy can be obtained as: 
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Noted that similar equations to equations. (5.13)-(5.14) can be obtained by Rayleigh-Ritz method 
(Bhat, 1985) in which the derivate of total energy, namely the sum of bending energy and stretching 
energy, with respect to the κx and κy equals to zero. More details of this alternative method are 
reported in the following section. When μ = 0.3, α1 = 0.002, α2 = 0, E1 = 1GPa, E2 = 5GPa, equations. 
(5.13)-(5.14) are simplified as: 
( )( ) 090.19 241 =−− hLyxyx κκκκ                                   (5.15) 
Equation. (5.15) reveals two possible states of the bending: (1) κx = κy and (2) κxκy = 19.9h2/L14. The 
first clearly indicates the longitudinal and transversal principal curvatures are equal, while the second 
suggests the longitudinal and transversal principal curvatures are reversely proportional as their 
product is a constant. If the above two states are satisfied at the same time at a transition point of the 
two states, a critical curvature can be readily calculated as κ*x = κ*y = 4.46h/ L12. When the critical 
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values are used in equation. (5.13) or equation. (5.14), the curvature terms are eliminated and the 
critical humidity is obtained as: 
( )21* /5326 LhP =                                                  (5.16) 
For P < 5326(h/L1)2, the rectangular plate bends into a spherical shape as κx = κy. Then from equation. 
(5.13), the relationship between curvatures and humidity is found as: 
4
1
2 /24.247.5 mLhmyx −−== κκ                                   (5.17) 
where m = (-1.45×10-4Ph/L14 + (2.11×10-8P2h2/ L18 + 0.069h6/ L112)1/2)1/3. For P > 5326h2/L12, the 
structure has two unequal principal curvatures. Substituting κxκy = 19.90h2/ L14 into equation. (5.13), 
the relationship between curvatures and humidity in the second state becomes as: 
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5.2.2. Derivation of the governing equations by Rayleigh-Ritz method 
To relate the principal curvatures to the temperature, we deploy the theory based on the Rayleigh-Ritz 
method (Bhat, 1985). The displacement of the neutral plane of the plate can be assumed as  
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where x, y and z are the coordinates in a Cartesian system. u1, u2 and u3 are the displacements along 
each axis. κx κy are longitudinal and transversal principal curvatures, respectively. Ai, Bi are the 
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parameters determined by the minimum potential energy of the deformation. The total strain εαβ (α, β 
= 1 or 2) can be calculated by the Von-Karman formulas 
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For an isotropic and homogeneous Kirchhoff plate (Mansfield, 2005), the stress-strain relation can be 
expressed as that the stress σ13= σ23 =σ33=0, and the rest components are represented as 
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The strain due to mechanical loading (known as elastic strain) are given as: 
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The strain energy U and bending energy Ub density are obtained as  
∑= mijijU εσ2
1
                                                        
(5.23) 
( ) ( )[ ]yxyxiib hEU κκµκκµ −−+−= 12)1(8
2
2
2
                                    
(5.24) 
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In this case, the total strain energy Ut and the bending energy Ubt can be obtained by integrating across 
the thickness direction z (the Young’s moduli and the humidity expansion coefficients for these two 
layers are denoted as E1, E2, α1, α 2, respectively) 
 
Figure. 5.4 The bending energy and stretching energy versus the relative humidity. 
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(5.25) 
As a consequence, the total stretching energy Ust is calculated from 
bttst UUU −=
                                                         
(5.26)
 
By solving equations ∂U/∂Ai = 0, ∂U/∂Bi = 0, ∂U/∂κx = 0, ∂U/∂κy = 0, the same group of equations as 
equations. (5.13)-(5.18) can be obtained. In this case, substituting h = 1.1 mm, 2L1 = 31.2 mm, κx and 
κy (equations. (5.17)-(5.18)) back into equations. (5.25)-(5.26), we obtain the bending and stretching 
energies map as Figure. 5.4. 
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According to Figure. 5.4, the stretching energy increases nonlinearly at stages 1 and 2, while the 
bending energy keeps rising almost linearly. These two strain energy components both increase at a 
higher rate after the critical humidity. Additionally, the stretching dominates the deformation by 
occupying about 75% of the total strain energy. 
5.2.3. Comparison of theoretical and numerical results 
To verify the theoretical solution, the self-folding of a rectangular plate with h = 1.1mm and 2L1 = 
31.2 mm is simulated by finite element analysis. In the simulation, the center point is pinned to the 
ground to avoid rigid displacement and unsymmetrical deformation. The diagram of relative humidity 
versus κx and κy is plotted in Figure. 5.5. Excitingly, we find the theoretical prediction (blue dashed 
line) well match the numerical results (red solid line). The slight difference after the bifurcation of κx 
and κy is most likely resulted from the calculation of principal curvatures under large deformation 
(Kroon). It generally leads to exceedingly large values along the boundaries.  
Both of the theoretical analysis and numerical simulation indicate that the rectangular plate undergoes 
three stages of deformation (Figure. 5.5). At the first stage, κx = κy and they increase almost linearly 
with the humidity. Because of the small ratio of the thickness to the plane dimensions, the out-of-
plane displacements and rotations are very small and therefore the traditional thin-plate theory is 
applicable at this stage. With the increase of out-of-plate deformation in the second stage, the two 
principal curvatures ascend nonlinearly but remain equal to each other with the rise of humidity. 
These two stages reflect the first state of the bending as described by equation. (5.15). At these stages, 
the neutral surface of the scale maintains a spherical shape (the left inset in Figure. 5.5), and its radius 
merely relies on h and L1 according to equation. (5.17).  
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Figure. 5.5 The longitudinal and transversal principal curvatures versus the relative humidity variation 
(blue dashed line is for theoretical predictions, red solid line for numerical results, empty and solid 
black dots for experimental κx and κy, respectively. The color stands for the out-of-plane 
displacement). 
From equation. (5.16) it is seen that the critical relative humidity P* is mainly dependent on the ratio 
of h to L1. For the thin scales in the top part of the pine cone as shown in Figure. 5.2a, the critical 
humidity changes from 28.6% to 20.8%. Therefore, these scales bend into a scroll with unequal κx and 
κy On the contrary, the bottom and middle thick scales are likely to bend into a spherical shape (the 
middle inset in Figure. 5.5). Lower critical humidity helps release and protect the seeds as it allows 
the scales respond rapidly in raining weather. 
At the third stage, κx and κy bifurcate but their product is a constant as κxκy = 19.90h2/L14. Because of 
the longer size in the longitudinal direction than the transverse direction, κx increases while κy 
decreases. As a result, the plate is formed into a scroll-like shape (the right inset in Figure. 5.5). At 
this stage, the neutral surface undergoes large strain and the plate attains the minimum potential 
elastic energy, which has been demonstrated in the previous section. 
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5.2.4. The validation from experimental test 
 
Figure. 5.6 The bending states of a scale at different humidities: (a) 45%; (b) 55%; (c) 65%; (d) 70%; 
(e) 75%; (f) 85%; (g) 90%; (h) 95% (the red dots are used to identify the deformation). 
To validate both the theoretical analysis and numerical simulation, the bending of a scale was 
experimentally tested. After dried for one week, an intact flat scale is stripped from the middle part of 
a pine cone. An enclosed cabinet (TRH-Range-Refrigerated Temperature and Humidity Cabinet) is 
used to control the humidity and to keep a constant room temperature at 23°C. The bending state of 
the scale after being placed in the cabinet at 45% humidity for 5 hours is shown in Figure. 5.6a. With 
the same time period for the placement and the increase of 5% in humidity each time, the subsequent 
bending states of the scale are obtained (Figure. 5.6b-h). Based on the point clouds obtained by 
scanning the sample with a 3D scanner (Artec Spider 3D Scanner with an resolution of 50 microns 
and 5 Hz scanning speed. The details are represented as Figure. 5.7), the principal curvatures are 
calculated for the scale under different humidities. The experimental data are in good agreement with 
the theoretical and numerical results as shown in Figure. 5.5. From the direct observation, the samples 
(b) (c) (d)
(e) (f) (g) (h)
(a)
10 mm
y
x
 
 
Chapter 5                                                                                                                                             133 
in Figure. 5.6a-d have a spherical shape, which indicate they are in Stage 1 and Stage 2. While the 
samples in Figure. 5.6e-h shows a scroll-like shape.  
Although the experimental data show a good correlation between principal curvatures and humidity, 
they are slightly larger than theoretical values. The difference might be attributed to the geometrical 
difference. For instance, the length of the rectangular plate is 2L1 = 31.2 mm in theoretical analysis, 
whereas its real length is slightly smaller due to the irregular shape in the testing sample. In 
accordance with equations. (5.17)-(5.18), a smaller L1 leads to bigger κx and κy. The critical humidity 
from the experiment is also slightly higher than the theoretical value. Again, it can be explained by the 
length difference as P* ~ (h/L1)2. The shape of scale in the experiment is approximated as a rectangle 
in the theoretical analysis. The exact effect of such a shape difference is, nevertheless, unclear.  
 
Figure. 5.7 Sequence of the 3D scanning details corresponding to those in Figure. 5.6, which were 
used to calculate the curvatures shown in Figure. 5.5. 
To investigate the behavior of pine cones in some conditions like heavy rainstorm or raindrops spatter 
on scales, a physical experiment was designed. By exposed in the enclosed cabinet in 23°C and 45% 
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humidity for 5 hours, the same sample mentioned in discussion (h = 1.1 mm, 2L1 = 31.2 mm) was 
pretreated into a flattened plate. The sample was taken out for 3D scanning and then returned into the 
cabinet, where the humidity had been increase to 95% directly and the temperature kept constant. 
Afterwards, the sample was drawn from cabinet to record the deformation per hour. The test lasted 10 
hours in total, and then the curvature variation with respect to time (t) could be represented as Figure. 
5.8. 
 
Figure. 5.8 The longitudinal and transversal principle curvatures fluctuate versus the relative 
humidity. The theoretical result, the experimental results of κx and κy are represented by blue line, 
empty and solid dots, respectively. 
To illustrate, the trend of curvature variation is quite similar to Figure. 5.5, where the humidity P is 
instead by time t. To compare with the theoretical results and explain this time-domain curvature 
variation, we introduce the moisture content factor β = P/t = 0.06 h-1, which converts the moisture 
content of the scale in 95% humidity into that in the corresponding humidity 45%, 50%, 55%, etc. 
The test and theoretical results obtained by substituting the relative humidity P with βt in equations. 
(5.17)-(5.18) are plotted in Figure. 5.8, which shows they are marginally equal.  
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Figure. 5.8 shows a quite similar trend to that of Figure. 5.5, which is in good agreement with the 
theoretical results. However, the principal curvatures κx and κy measured in the test are slightly greater 
than the theoretical values. The main reason could be attributed to the length of physical sample is 
smaller than the numerical model. As discussed in the main context, short scale generally leads to 
large κx and κy in the bending progress. On the other side, the critical time t* (corresponding to the 
critical humidity P*) in the experiment is slightly smaller than the theoretical value, which conflicts 
with t* ~ (h/L1)2. The reason could be that the water content in scales increases nonlinearly with 
respect to time. It rises rapidly at the beginning of test and reaches the critical value earlier than 
theoretical prediction. Once the moisture difference between the scales and the environment is 
reduced, the water absorbability would be weakened, which results in the final appearance of the scale 
being similar to the one shown in Figure. 5.6h.  
5.3. Conclusion 
This chapter provides a reliable methodology to investigate the opening and closure of pine cones. 
Both the analytical solution based on Föppl–von Kármán plate theory and the numerical simulation 
based on finite element analysis indicate that the bending of the pine cone scales undergoes three 
stages of deformation: i.e. (1) consistent and linear increase in κx and κy; (2) consistent but nonlinear 
increases in κx and κy; 3) bifurcated variation of κx and κy. We found the critical humidity, above which 
κx and κy bifurcate, is dependent on the ratio of thickness to dimensions of scales. These findings are 
well supported by physical experiment. This study helps understand the shape transformation of many 
biological structures composed of multiple layers of materials with distinct properties. Such a shape 
transformation mechanism can be explored systematically using the proposed methodology and 
exploited for practical applications in smart, morphing materials, devices and structures.  
 
 
 
  
 
 
 
Chapter 6 
 
Conclusion and Future Studies 
 
The mechanisms and properties induced by bending, folding and buckling have been thoroughly 
studied in thin film or shell made by soft materials in above chapters. Specifically, the interesting 
phenomenon is investigating through simplified geometrical models and detailed mathematical 
derivations, which have been validated by the corresponding FEM simulations and physical tests. The 
applications of deformable soft material have been mentioned in drug delivery and transport robots, 
which have attracted many scholars for decades. In this chapter, the achievements of aforementioned 
works will be generally summarized and a variety of potential application will also be discussed, 
which is shown in Figure. 6.1. 
6.1. Conclusion 
By studying the diverse stimuli driven deformations of shell or plate systems with soft materials, a 
basic measurement is found as the strain energy, namely the potential energy produced in 
transforming progress. It has been well validated in the mechanisms of artificial and natural systems. 
For instance, amount of eigenvalues are found in the linear buckling perturbation analysis of a 
buckligami system. Each value is corresponding to a particular buckling mode, which is exactly a 
solution of the eigenvalue equations. Additionally, the system always tends to deform into the mode 
with the smallest energy consuming. To produce the designed appearance for the external state, a tiny 
imperfection is compulsory, where this study successfully promotes a reliable method to handle the  
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Figure. 6.1 Schematic illustrations of mechanics and their potential application on soft material 
structures. These representative behaviors including energy, curvature and deformation states have 
been theoretically and numerically studied, which are validated by natural observations and physical 
test. 
problem to study such a complex spherical shell. On the other side, the bending of scales in pine 
cones is also found as including several stages as a consequence of strain energy. Due to the 
deformation with minimum the strain energy, 3 stages have been identified in the progress of bending 
of this bilayer structure, considering the longitude and transverse curvatures (κx and κy): (1) consistent 
and linear increase in κx and κy; (2) consistent but nonlinear increases in κx and κy; (3) bifurcated 
variation of κx and κy. Despite the complicated natural and artificial systems involved sophistic 
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geometries and morphological progress. The strain energy is still a recommended aspect to investigate 
those deformations. A variety structures including virus, plants, capsules and origami have been 
proved as applicable for this analysing method, where the energy-driven deformation can provide a 
template for some other complex systems. 
In terms of the stages classification in deformation of plates, it is found that the critical point 
bifurcating the stages with equal and unequal principle curvatures mainly depends on h/L, where h is 
the thickness of the plate and L denotes the scale of 2D pattern. Additionally, the material property 
also plays a role on it. Take the kirigami pattern in Chapter 4 as an example, the critical temperature 
can be enhanced with increasing the total thickness and fixed geometry, which will benefit its 
application because the whole system can keep uniformed curvature during the folding progress. 
In summary, the mechanism driven by varies of moduli in soft material made shell/plate is studied for 
better understanding the principles behind the transformations in those natural and biological systems. 
Moreover, it inspires the way to produce functional structures in industry, which enables practical 
applications in smart, morphing materials, devices and structures. 
6.2. Limitation 
Even though this study has theoretically investigated the features of soft materials with different 
geometry and varies of potential applications. There are still many drawbacks to be solved.  
For the spherical shells with buckling-induced retraction, the physical test is restricted in few 
repetitions because of the weak ligaments between the apertures. The problem would be more serious 
when the model is applied as capsule in medical treatment due to the precise constructions. It might 
be solved by deploying flexible materials as the 3D printing technique is rapidly developing. Most 
important, the geometry of those apertures remains to be improved, as the modified square shape may 
not be the best shape with the largest volume retraction ratio. The shapes in Chapter 3 were obtained 
by enumeration method, which is not scrupulously. It is predicable that the ‘S’ shape aperture is more 
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efficient for volume retraction and optimization method is expected to be introduced for seeking the 
appropriated shape. In this case, the nonlinearity in geometry and materiel properties is extremely 
sophisticated.  
On the other hand, the self-folding kirigami pattern also incurred problems in physical validation. The 
synthesis of such thermal sensitive material requires extremely delicate facilities as the PNIPAM layer 
is as thin as 0.1 mm and fragile like a plastic membrane. It could not undergo serious bending and 
folding only if a thicker layer is produced. Moreover, the fabrication of the bilayer structure is 
difficult due to the complex pattern. In the original conception, the passive layer is prior printed, on 
which the PNIPAM layer would be coated. However, the organics in the solution of PNIPAM will 
damage the passive layer during the fabrication process. In addition, the kirigami pattern is planned to 
be formed by laser cutting technique, during which toxic matter may produce and hinder the 
application. Last but not least, it is required some adhesive distributing on the lateral of model so that 
the buckliball would be firm when the self-folding process completes. Nevertheless, this adhesive 
should be cautiously selected as the whole process is operating in water. 
In terms of the cone scales, the previous researches showed that the deformation is localized to a 
small region close to where the scale is attached to the midrib of the cone and mentioned that the 
material expansion only happens in an active zone which is localized at the base of the scale. Several 
observations at the microscopic level validated this fact. Basing on this theory, the study of 
deformation of cone scales should be focus on this active zone. According to the microstructure, 
different species own various scales of active zone. For instance, the scale of Coulter pine cone is 
obviously larger than that of Pinus Pinaster pine concerned in this research. The Coulter pine 
generally has scales of 15-30 cm in length and 2mm in thickness, while the scale of Pinus pinaster is 
10-20 cm in length and 1-1.5 mm in thickness. The climate could be another source to influence the 
size difference in the active zone as Coulter pine exists in the cool and dry mountain area while the 
Pinus Pinaster pine grows up in humid region like Victoria, Australia.  Because of the small size and 
rainy weather, the scales of Pinus Pinaster pine are more likely to have a large active zone which 
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helps protect the seeds effectively. To product a more general theory for the bending of cone scales, 
the active zones in different species of pine cones should be further classified and summarized. 
To sum up, plenty of limitations have been identified in this research. Concerned these points, a 
different or more robust methodology should be applied to address the research problem more 
effectively in the future study. 
6.3. Future studies 
There are uncountable ideals that may be carried out in future to extend this study. For example, some 
plants are able to rapidly responses to touch or some other mechanical stimuli such as wind and 
dropping of rain. It is quite different from the previous study on thermal response structures. To 
illustrate, those thermal responses usually happen on a certain direction or the entire surrounding 
environment like temperature and humidity increasing, represented by the bending of scales in pine 
cones. In contrast, the mechanical driven reactions such as the folding up of Venus’ Flytrap (Figure. 
6.2a) usually occur in a direction largely independent of the direction of the stimulus. 
Figure. 6.2a shows the two states of Venus’ Flytrap. This plant can transform its broad leaves to catch 
small insects like flies. With needle-shaped tines on the boundaries, those strange leaves keep open. 
When a curious insect attracted by the smell produced by Venus’ Flytrap, it will be exploring on the 
leaf surfaces and bump the small trigger hairs. At this moment, intercellular electrical signals are 
generated to trigger differential enlargement of cells. As a consequence, the two leaves will close in a 
very short time (less than one second). To ensure the motion of capture is efficient, the gaps between 
trigger hairs has been strictly calculated as small insects do not worth to be trapped may be free to 
escape through those hairs, while large insects cannot get through. The struggling of insects further 
enhances the closure of the leaves around the unfortunate prey and the secretion of acids to kill and 
digest it. The sophisticate dynamic changes in cell expansion among distinct tissue layers govern the 
procedure of the leaves closure, which enables Venus’ Flytrap to live in some hard environment.  
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Figure 6.2: (a) The opening and closure states of a Venus’ Flytrap (Braam, 2005); (b) Open and fold 
Drosera, followed close up of mucilage-covered tentacle tips (Braam, 2005). 
The rapid closure of the Venus flytrap has been studied for many years. Some researchers even 
pointed out the principle of the snap-buckling resulting the closure (Forterre et al., 2005b). However, 
this research demonstrates several bending states, resulted by storing and releasing elastic energy. The 
theoretical analysis is based on the theory of plates bending and stretching. Actually, the bending of 
leaf is generally dominated by the inhomogeneous stain in each part, which is caused by the different 
cell expansion. Therefore, once the relationship between intercellular electrical signals and cells 
expansion is discovered, the bending (snapping) procedure could be theoretically and numerically 
analysed. Subsequently, this study is expected to understand some other common muscle-powered 
movements in animals.  
On the other hand, Drosera also shows touch-induced behaviour. There are about 100 tentacles on the 
surface of its leaves (Figure. 6.2b), whose distinguished appearance can attracts insects. Unexpectedly, 
these lovely tentacles have gluey surfaces which can trap insects. Their tactile sensitivity can detect 
the struggling and moving trend of prey. Subsequently, the neighbouring tentacles bend towards the 
groups have detections, and form into a cup-like indentation to catch the prey. Actually, the auxin 
(a)(a) (b)
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levels and sensitivity can control the differential growth in this plant. The tentacles have remarkable 
mechanical sensitivity, which could immediately respond to a touch with tiny force. However, they do 
not show any reaction to rains or strong wind. This ability to distinguish the natural force and insects 
is still unclear. Moreover, the curving of tentacles can be explained by the bending of beam-like 
structures, whose analysis would be quite similar to our study. 
It is remarkable that these examples for future studies only concern about the mechanical-response of 
some plants, which is just one branch of study based on mechanisms of soft materials. More studies 
with broad subjects are expected to be inspired in future because the applications of these systems are 
not only limited to industrial fabrication, but also significantly advance the relevant theories. 
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Appendix A 
 
The Symbol Calculation in MATLAB 
 
The MATLAB Program of symbol calculation for strain energy U: 
clc;clear; 
syms x1 x2 x3 A1 A2 A3 B1 B2 B3 k1 k2 E1 E2 v h h1 th r R alfa1 alfa2 T0 T 
Ut11 Ut12 Ut13 Ut14 Ut15 Ut16 Ut17 Ut18 Ut1 Ut2 r1 th1 xt1 xt2 the a b 
% E1 = 3000000; 
% E2 = 800000; 
% v = 0.3; 
% h1 = 0.75*h; 
% alfa1=0; 
% alfa2=-0.005; 
the = [0,2.094,4.189,1.047,3.142,5.236]; 
rp = [84.42,65.20,65.20,39.16,39.16,17.08]; 
thp = [4.712,4.893,4.531,4.409,5.016,4.712]; 
  
for i = 1:6 
    u1 = A1*x1 + A2*x1^3 + A3*x1*x2^2; 
    u2 = B1*x2 + B2*x2^3 + B3*x2*x1^2; 
    u3 = k1*x1^2/2 + k2*x2^2/2; 
    %%% the total strain in the plate 
    e11 = 1/2*(2*diff(u1,x1) + diff(u3,x1)^2)  + k1*x3; 
    e22 = 1/2*(2*diff(u2,x2) + diff(u3,x2)^2)  + k2*x3; 
    e12 = 1/2*(diff(u1,x2) + diff(u2,x1) + diff(u3,x1)*diff(u3,x2)); 
    %%% the stress components 
    s11 = E1/(1-v^2)*(e11 + v*e22)  - E1*alfa1*T/(1-v); 
    s22 = E1/(1-v^2)*(e22 + v*e11)  - E1*alfa1*T/(1-v); 
    s12 = E1/(1+v)*e12; 
    %%% strain due to mechanical loading 
    E11 = (s11-v*s22)/E1; 
    E22 = (-v*s11+s22)/E1; 
    E12 = (1+v)*s12/E1; 
    %%% the strain energy density 
    U = 1/2*[E11 E22 2*E12]*[s11 s22 s12].'; 
    %%% change the coordinate system 
    U = subs(U,x1,r*cos(th)); 
    U = subs(U,x2,r*sin(th)); 
    U = subs(U,r,sqrt(r1^2+rp(i)^2+2*r1*rp(i)*cos(th1-thp(i)))); 
    U = 
subs(U,th,atan((r1*sin(th1)+rp(i)*sin(thp(i)))/(r1*cos(th1)+rp(i)*cos(thp(i
))))-the(i)); 
    %% the total strain energy 
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    Ut11 = 
vpa(int(int(U*r,r,(1/(0.00444*(sin(th1))^2+0.0123*(cos(th1))^2))^0.5,1/(0.0
670*cos(th1)+0.0526*sin(th1))),th1,-0.149,0.784),3); 
    Ut12 = 
vpa(int(int(U*r,r,(1/(0.00444*(cos(th1))^2+0.0123*(sin(th1))^2))^0.5,1/(0.0
611*cos(th1)+0.0585*sin(th1))),th1,0.784,1.571),3); 
    Ut13 = 
vpa(int(int(U*r,r,(1/(0.00444*(cos(th1))^2+0.0123*(sin(th1))^2))^0.5,1/(-
0.0611*cos(th1)+0.0585*sin(th1))),th1,1.571,2.358),3); 
    Ut14 = 
vpa(int(int(U*r,r,(1/(0.00444*(sin(th1))^2+0.0123*(cos(th1))^2))^0.5,1/(-
0.0670*cos(th1)+0.0526*sin(th1))),th1,2.358,3.291),3); 
    Ut15 = 
vpa(int(int(U*r,r,(1/(0.00444*(sin(th1))^2+0.0123*(cos(th1))^2))^0.5,1/(-
0.0489*cos(th1)-0.0678*sin(th1))),th1,3.291,3.925),3); 
    Ut16 = 
vpa(int(int(U*r,r,(1/(0.00444*(cos(th1))^2+0.0123*(sin(th1))^2))^0.5,1/(-
0.0427*cos(th1)-0.0740*sin(th1))),th1,3.925,4.712),3); 
    Ut17 = 
vpa(int(int(U*r,r,(1/(0.00444*(cos(th1))^2+0.0123*(sin(th1))^2))^0.5,1/(0.0
427*cos(th1)-0.0740*sin(th1))),th1,4.712,5.499),3); 
    Ut18 = 
vpa(int(int(U*r,r,(1/(0.00444*(sin(th1))^2+0.0123*(cos(th1))^2))^0.5,1/(0.0
489*cos(th1)-0.0678*sin(th1))),th1,5.499,6.134),3); 
    Ut1 = Ut11+Ut12+Ut13+Ut14+Ut15+Ut16+Ut17+Ut18; 
    Ut2 = subs(Ut1,E1,E2); 
    Ut2 = subs(Ut2,alfa1,alfa2);     
    phi(i) = vpa((int(Ut1,x3,0,0.75*h)+int(Ut2,x3,0.75*h,h)),3); 
end 
  
phisum = sum(phi); 
%%% solve D(phi)/Ai=0 and D(phi)/Bi=0 then Substitude back into phi 
S = solve(diff(phisum,A1),diff(phisum,A2), diff(phisum,A3), diff(phisum,B1), 
diff(phisum,B2), diff(phisum,B3),A1,A2,A3,B1,B2,B3); 
  
phisum = subs(phisum,A1,S.A1); 
phisum = subs(phisum,A2,S.A2); 
phisum = subs(phisum,A3,S.A3); 
phisum = subs(phisum,B1,S.B1); 
phisum = subs(phisum,B2,S.B2); 
phisum = subs(phisum,B3,S.B3); 
%%% D(phi)/ki=0  
K1 = vpa(diff(phisum,k1),3); 
K2 = vpa(diff(phisum,k2),3); 
%%% Eliminating the temperature 
vpa(simplify(K1-K2),3) 
% solve(K1,K2,k1,k2); 
 
 
 
